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ABSTRACT

Any regular mixed Tsirelson space T(6y,Sp)n for which 6,/6" — 0,
where 8 = lim, 6‘,1/ ™ is shown to be arbitrarily distortable. Certain
asymptotic ¢; constants for those and other mixed Tsirelson spaces are
calculated. Also, a combinatorial result on the Schreier families (S )a<w,
is proved and an application is given to show that for every Banach space
X with a basis (e;), the two A-spectrums A(X) and A(X, (e;)) coincide.

1. Introduction

A Banach space X with basis (e;) is asymptotic ¢; if there exists § > 0 such that
for all n and block bases (z;)7 of (e;)%°,

@ I el > 6 .
i=1 =1

Such a space need not contain £; as witnessed by Tsirelson’s famous space T'.
The complexity of the asymptotic ¢; structure within X can be measured by
certain constants d4(e;) for o < wi. d1{e;) is the largest & > 0 satisfying (1)
above. Subsequent §,’s are defined by a similar formula where (z;)} ranges over
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“a-admissible” block bases (all terms are precisely defined in section 2). These
notions were developed in [OTW] where, in addition, 0, (y;) was considered, for a
block basis (y;) of (e;). In this setting, (y;) becomes the reference frame and one
naturally has §,(y:) > da(e;). These constants can perhaps increase by passing
to further block bases and this leads to the notion of the A-spectrum of X,
A(X). Roughly, A(X) is the set of all ¥ = (Ya)a<w, Where 7, is the stabilization
of 84 (y;) for (y;) some block basis of (e;). Alternatively, by keeping (e;) as the
reference frame, in a similar manner we obtain A(X, (e;)). In section 3 we prove
that these two notions coincide, A(X) = A(X, (e;)).

Argyros and Deliyanni [AD] constructed the first example of an asymptotic
¢, arbitrarily distortable Banach space by constructing “mixed Tsirelson spaces”
and proving that such spaces can be arbitrarily distortable. In section 4 we
consider the simplest class of mixed Tsirelson spaces X = T(0,, Sp)nen Where
0, — 0 and sup, 8, < 1. These are reflexive asymptotic £, spaces having a
1-unconditional basis {e;). Also we may assume 6 = lim, 6L/™ exists. We prove
that if 8,/6™ — 0 then X is arbitrarily distortable. In particular, this happens
if &6 = 1. Thus, for example, T(%H,SR)N is an arbitrarily distortable space.
We also calculate the asymptotic constants 8,{X) for these spaces along with
the spectral index Ia(X). 84(X) is the supremum of &,((z;),| - |) under all
equivalent norms on X and Ia(X) is the first ordinal a for which 6a(X) < 1.

ACKNOWLEDGEMENT: We want to thank the referee for a simplification of the
technical argument in section 4.

2. Preliminaries

X,Y,Z,... shall denote separable infinite dimensional Banach spaces. All the
spaces we consider will have bases. Every Banach space with a basis can be
viewed as the completion of cyg (the linear space of finitely supported real valued
sequences) under a certain norm. (e;) will denote the unit vector basis for cgo
and whenever a Banach space (X, ||-||) with a basis is regarded as the completion
of (cgo, || - ||), (ei) will denote this (normalized) basis. If z € cgo and E C N,
Ez € ¢go is the restriction of z to E; Ez(j) = z(j) if j € E and 0 otherwise.
Also the support of z, supp(z), (w.r.t. (e;)) is the set {j € N: z(j) # 0}. The
range of z, ran(z), (w.r.t. (e;)) is the smallest interval which contains supp(z).
If z, z1, x2,... are vectors in X (and k € N) then we say that x is an average
of (x;); (of length k) if there exists F C N with z = T;_‘I Y icr i (and | F |= k).
We say that a sequence (y;) is a (convex) block sequence of (z;) if for all 4,
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yi = E;"";'n‘*l a;z; for some sequence m; < mg < - -, of integers and (a;)jen C
R (resp. with a; > 0 for all j, and > 751" Ya; =1 for all i). If (;) is a block
basis of (y;) we write (2;) < (y;). X <Y shall mean that X has a basis which is
a block basis of a certain basis for Y, when the given bases are understood. For
A>1, (X, |- ) is A-distortable if there exists an equivalent norm | - | on X so
that forall Y < X

X is distortable if it is A-distortable for some A > 1 and arbitrarily dis-
tortable if it is A-distortable for all A > 1. X is of D-bounded distortion if
for all equivalent norms | - | on X and for all Z < X there exists Y < Z with
D(Y,| -]) < D. Note that if

D(Y,I-I)Esup{'yI y,z€Y, |yl = ||z||=1}2)\.

Czinf{}—‘Z—HI:yGY,y#O}

then

(2) Clyl<lyl <D, -)Cly| forallyeY.

For more information on distortion we recommend the reader consult the
following papers: [S], [MT], [OS1], [0S2], [0S3], [Ma], [T], [OTW].

Asymptotic ¢; Banach spaces are defined by (1) in section 1 (for another
approach to asymptotic structure see [MMT]). These spaces were studied in
[OTW] where certain asymptotic constants were introduced. We shall recall
the relevant definitions but first we need to recall the definition of the Schreier
sets Su, a < wy [AA]. For F,G C N, we write F < G when max(F) < min(G)
or one of them is empty, and we write n < F instead of {n} < F. Also for
T,y € coo, T < y means ran(z) < ran(y).

Definition 2.1: Sop = {{n}: n € N} U {0}. If @ < w; and S, has been defined,
Sa+1 :{UF@:neN,nSFI <F<---<F, andFiESaforlgign}.
1

If o is a limit ordinal choose a,, / a and set
Se ={F:n < F € 8,, for some n}.

If (E;)¢ is a finite sequence of non-empty subsets of N and a < w1 then we
say that (E;){ is a-admissible if E; < --- < E, and (min E)§ € S,. If (e;) is
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a basic sequence and (z;)¢ < (e;) then (z;){ is c-admissible with respect to
(e;) if (ran(z;)) is a-admissible where the range of z, ran(z), is w.r.t. (e;). If
T € span(z;), then z is a-admissible w.r.t. (z;) if supp(z) (w.r.t. (x;)) € S,.
Also if z € span(z;) then z is a 1-admissible average of (z;) w.r.t. (e;)
if there exists a finite set F* C N such that z = |_11?T Yicr Ti and (z;)ier is 1-
admissible w.r.t. (e;). Note that if z is a 1-admissible average of (x;) w.r.t. (e;)
and for some o < w; each z; is a-admissible w.r.t. (¢;) then z is a + 1-admissible
w.r.t. (e;). Thus if (z;) is a basis for X then X is asymptotic ¢; iff

0 < 61(x;) = 61(X) = 6(X, - )
=sup {82 0: | Dl 8 llysl whenever ()7 < (=)
1 1
and (y;)7 is 1-admissible w.r.t. (a:z)}

In [OTW] this definition was extended as follows: For o < w;

Sa(z:) = 8a(X) = 8a(X, || - ]I)
=sup{8 > 0: | Y will > ) llysll whenever ()7 < (z:)
1 1
and (y;)} is a-admissible w.r.t. (z;)}.
Observation 2.2: Note that if we have two equivalent norms || - ||, |} - ]| on X and

for some ¢,C > 0, ¢|z|| < ||lz|l < Clz| for all z € X, then for all & < wy,

c C
Sh0G1 D b1 )< T

Sa(X, 0 - 1D

In problems of distortion one is concerned with block bases and equivalent
norms. Thus we also consider [OTW]

Sa(xi) = Sup{éa(yi): (yz) = (xz)} and

bo(z:) = sup{da((z:),] - ): || is an equivalent norm on X}.

If (y;) < (x:) then 84(yi) > 0a(z;). This is because each S, is spreading
(if (n;)¥ € Sy and m; < -+ < m, with n; < m; for all i = 1,...,k, then
(m;)¥ € Su). This leads to the following definition [OTW].

Definition 2.3: A basic sequence (y;) A-stabilizes ¥ = (Ya)a<w; & R if there
exists €, \, 0 so that for all @ < wy there exists m € N so that for all n > m if
(2:) < (y:)° then | da(2i) — Yo |< €n-
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Remark: It is automatic from the definition that if (y;) A-stabilizes v then for
all @ < w1, Yo = sup{da(z): (z;) < (yi)}. Furthermore, if (2;) < (y:) then (z;)
A-stabilizes 7.

It is shown in [OTW] that if X has a basis (z;) and (y;) < (z;) then there
exists (2;) < (y;) and v = (Ya)a<w, S0 that (z;) A-stabilizes .

Definition 2.4: Let X have a basis (z;). The A-spectrum of X, A(X), is defined
to be the set of all 4’s so that {y;) stabilizes «y for some (y;) < (z;). We also
define A(X) = U{A(X,]-|): || is an equivalent norm on X}.

We have that A(X) # @ and it is easy to see that 3, (X) = sup{7a: v € A(X)}.
THEOREM 2.5 ([OTW]): Let X have a basis (z;).

1. If v € A(X) then 7, is a continuous decreasing function of . Also

Yot8 > Yoy for all a, B < wy.
2. For all o <wjy and n € N, §4.n(X) = (0o(X))".
3. X does not contain £ iff §,(X) = 0 for some o < w;.

Definition 2.6: Let X have a basis (z;). The spectral index I (X) is defined by

Ian(X) = inf{a < wy: 0,(X) < 1} if such an « exists and Ia(X) = w;, otherwise.

Definition 2.7 (Mixed Tsirelson Norms [AD]): Let F C N. Let (0n)ner be
a set of countable ordinals and (6,)ncr C (0,1). The mixed Tsirelson space
T(0, Sa, )neF is the completion of ¢pp under the implicit norm

llzl] = l2lloo V sup sup{8, Z HE;zl]: (B;)T is an a4-admissible sequence of sets}.
gqEN 1

It is proved in [AD] that such a norm exists. They also proved that
T(0n,Sa, )ner is reflexive if F is finite or limpsphe0n = 0. (ey) is a
1-unconditional basis for T'(8,,S,,) so we can restrict the E;’s in the above
definition to be intervals. It is worth noting that T, Tsirelson’s space [Ts] as
described in [FJ], satisfies T = 1°(1/2,51) = T(1/2", Sp)N-

3. A property of the A-spectrum

The definition of §,(z;) is w.r.t. the coordinate system (z;). In [OTW] the
following notion is also introduced:

Definition 3.1: Let (e;) be a basis for X and let (x;) < (e;). For a < wy we define

Sa((®:), (&) = sup{8 2 0: |} yill 26 llyll whenever ()7 < (x:)
1 1

and (y;)7 is a-admissible w.r.t. (e;)}.
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If (y;) < (ei) we say that (y;) Ae,)-stabilizes ¥ = (Ya)a<w, if there exists e, N\, 0
so that for all @ < w; there exists m € N so that if » > m and () < (v;)°
then | 64((2:), (€i)) — Va |< €n. Let A(X, (e;)) be the set of all v’s so that (y;)
A(e,)-stabilizes v for some (y;) < (e:)-

One can show, by the same arguments used to establish the analogous result for
A(X) [OTW], that for all (z;) < (e;) there exists (y;) < (z:) and v = (Ya)a<w,
so that (y;) Af,)-stabilizes v. In particular, A(X, (e;)) is non-empty.

In this section we prove that the A-stabilization and the A(,;)-stabilization are
actually the same notions. More precisely we prove

THEOREM 3.2: Let X have a basis (e;) and let (z;) < (e;) so that (z;)
A(.,)-stabilizes ¥ € A(X, (e;)) and (x;) A-stabilizes y € A(X). Then ¥ = 7.
Hence A(X) = A(X, (&)

First we need a combinatorial result. [IN] denotes the set of infinite subse-
quences of N. If N = (n;) € [N] then S,(N) = {(n;)icr: F € Sqo} and [N] is the
set of infinite subsequences of N.

PROPOSITION 3.3: Let N € [N]. Then there exists L = (¢;) € [N] so that for
all a < wy,

(£:)icF € Sa=>(lis+1)ier € Sa(N).

Proof: Let N = (n;). We shall choose M = (m;) € [N] and then prove by
induction on « that L = (¢;) satisfies the proposition where £; = n., . Let
mp =mnq. If m, has been defined set mg1 = T, -
The case a = 0 is trivial.
Assume the result holds for a and that (nm,,)icr € Sa+1. Thus there exists

k € N and N, <SEi<EBEy<--< E"’"k (some possibly empty) so that E; € S,
for all j and (N, )icr = U?mk E;. For each j let Ej = (nm,)icr;- Thenn,, =
Ny < (Mmoyy)ier = U:mk (Mmiy)ier; and for all j, (nm, )icr, € SalNN).
Therefore (nm,,, )ier € Sa+1(N).

If « is a limit ordinal and o,  « are the ordinals used to define S, and
the result holds for all 8 < a (so in particular for each ), let (nm,)icr € Sa.
Thus for some k € N, k < min(npy, )ier = Ny, < (Nm,)ier € S“k' Hence
Ny S M, = gy S (Mmiys )icF € Sa, (N) therefore (m,,,)icr € Sa(N).
1

As a corollary we obtain a result of independent interest.
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COROLLARY 3.4: Let N € [N]. Then there exists L = (£;) € [N] so that for all
@ <wi,

(4i)icr € Sa=(£i)ic F\ min(F) € Sa(N).
Proof: Let L be as in Proposition 3.3. Let F = (fi < fo < --- < f,) with
(€i)icr € Sa. Thus (€5, 41,8541, €5 41) € Sa(N). Since fi+1< fo, fa+1 <

f3,... and S,(N) is both spreading and hereditary, we get that (£;);cp\ min(#) €
Sa(N). ]

Proof of Theorem 3.2: Let (z;) A;)- and A-stabilize 5 and v respectively and
let @ < wy. Since S, is spreading, ¥ < y. Let € > 0 and choose (y;) < (z;) so
that for all (2;) < (v;),

| 0a(2:) — 70 |< €.

For i € N set n; = min(ran(y;)) w.r.t. (e;) and choose L = (n,,,) by Propo-
sition 3.3. For w € span(ym,) if w = Ef:j a;Ym, Where a; # 0 we set @ =
Zf:j—}—l QiYm, -
CraM: If (w;)§ < (Ym,) is @ -admissible w.r.t. (e;) then (;)% is a -admissible
w.r.t. (y;).

Indeed let mi, = min(ran(w;)) w.rt. (y;). Then np, = min(ran(w;)) w.r.t.
(ej), and (nmki)f € Sa=>(nmki+1)‘i € Sal(n;))=(mk,+1)% € S,. Since my, 4y <
min(ran(@;)) w.r.t. (y;), and S, is spreading, the claim follows.

We may assume that ||ym,|| = 1 for all i and that no subsequence of (yy,,) is
equivalent to the unit vector basis of ¢y (indeed, if this were false then clearly
Y =7 = 1 and 7o = 7o = 0 for all @ > 1). Thus by taking long averages of
(Ym,) we may choose (z;) < (Ym,) With the property that for all 2z € span(z;)

[z = 2[| <elz]].

By the definition of &, = 0,((2:),(e;)) there exists (w;) < (2;) which is a-
admissible w.r.t. {e;) and satisfies

¢ ¢
1D will < (Ba +€) Y fwill-
1 1
By the above claim (w;)} is a-admissible w.r.t. (y;). Furthermore
¢ ¢ ¢ ) 3 £
I il Y will + Y lws =l < Ga+€) D lwsll + Y el
1 1 1 1 1

¢

<[Ba+e)(L+e)+el Y [l
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1t follows that v, — & < 0a(¥:) < (Ja +€)(1 +¢€) + €. Since ¢ is arbitrary we
obtain v, < ¥, and 50 Yo = Ya-

To prove that A(X) = A(X, (e;)), let’s first show the inclusion C. Let (z;)
A-stabilize v € A(X). We can find (y;) < (x;) that A(,)-stabilizes ¥ € Ae,y.
But then (y;) A-stabilizes v, therefore v = 74, thus v € A(,). The inclusion 2 is
proved similarly. 1

4. The space T{6,,S:)N

If 8, /4 0 or if §, = 1 for some n then T'(6,, S,)N is isomorphic to £;. Thus we
shall confine ourselves to the case where sup#f,, < 1 and 8,, — 0. Furthermore
we assume that 8, \, 0 and 8,,,,, > 6,0, for all n,m € N. Indeed it is easy to
see that T'(0,, Sp)n is naturally isometric to T(0,, Sn)n where

¢ ¢
0, = sup{H@ki: Zki > n} )
=1 i=1

Definition 4.1: A sequence (,,) of scalars is called regular if (6,) C (0,1), 8, \, 0
and O qm > Onbm for all n,m € N. If the sequence (f,) is regular we define the
space T'(6,,, Sp)n to be regular.

Throughout this section, the spaces T'(6,, Sn)n will always be assumed to be
regular.

It is easy to see (e.g. [OTW]) that if a sequence (b,) C (0, 1] satisfies bpym >
bbb, for all n,m € N then lim, bi/ " exists and equals sup,, b}/ " Therefore, if the
sequence (f,) is regular then the limit 6 = lim, 00 oL/ = sup,, L™ exists. Note
also that if (X, J|-]|) is a Banach space with a basis, then 8,4/ (X) > 6,(X)dm(X)
for all n,m € N, thus lim, &,(X)Y/" = sup,, d,(X)"/" exists. Furthermore, if X
does not contain £; isomorphically, then 1 > &,(X) N\, 0.

For n € N, define ¢,, = ,,/6". We easily see

o If 6 =1 then ¢, =0, 0.

® bpim > Pndm foralln,m e N.
o /" 1.

s ¢, <1,¥neN.

From now on, for a regular sequence (f,) we will be referring to the limit § =
Hm 0,1/ ™ and the representation 8, = "¢, as above.
The main result in this section is the following
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THEOREM 4.2: Let X =T(0,,S,)n be regular and let § = lim,, Bi/”. Then
(1) Forall Y < X, 6,(Y) = 6. Moreover for all € > 0 there exists an equivalent
norm | - | on X so that §:((X,] - |),(e:)) > 8 — .
(2) Forall Y < X and for alln € N, §,(Y) = 6™ and 6,(Y) = 0.

w ifé=1
HY < X,Ia(Y) = ’
(8) For all ¥ < X, Ia(¥) { 1 ife<1.

(4) If6,/6™ — 0 then X is arbitrarily distortable.

To prove the above theorem we need the following two results

PROPOSITION 4.3: Let X = T(6,,S,)n be regular. Then for every € > 0 there

is an equivalent l-unconditional norm | - | on X such that 6;((X,] - |),{e;)) >
f—c.

THEOREM 4.4: Let X =T(0,,S,)n be regular. Then for allY < X andj € N
we have 0

5;(Y) <" lsup g, v L.

p>j 0

Proof of Theorem 4.2: (1) To prove Y < X implies &;(Y) < 6 we note that if
Il - || is an equivalent norm on Y then there exists C' > 1 such that C71§,(Y) <
(Y ) < Cop(Y) for all n € N. Let 8, = 6,(Y, ]| |l)- Then since for all n and
My Ontm > Ondm, we have lim, 5,1/n = sup,, 6,11/" exists. Hence §; < lim 5}/“ =
lim 6, (Y)¥/", the latter limit existing for the same reason. Now

2] 1/n
. 1/n < § n—1 n =
lim 6, (V)™ < nll)ngo (0 21212 épV 5 ) 6
by Theorem 4.4. Thus &;(Y) < 6 as required. The “moreover” part is
Proposition 4.3 and this completes the proof of & (Y)=0.
(2) Since 6,(Y) = 6 we obtain 6,(Y) = 6™ from Theorem 2.5. By Theorem 4.4
we have that for all v € A(Y) and for all j € N,

v; < 67 sup ¢y, V gj—
p2j o1
Therefore, again by Theorem 2.5, for all v € A(Y), 7. = limpen vn = 0. Hence,
for every equivalent norm | - | on Y, for every v € A(Y,} - |), 7, = 0. Since
6,(Y) = sup{v.: v € A(Y)} we have §,(Y) =0.
(3) Follows immediately from (2).

(4) Let A > 1, and choose n € N so that sup,>, ¢y < 61/2X. By (1) we can
define an equivalent norm || - || on X such that

Sn((X5 -1, (e)) 2 62 ((X, - 1), (€)™ 2 67/2.



134 G. ANDROULAKIS AND E. ODELL Isr. J. Math.

Let Y < X; then by equation (2) of section 2, there exists C > { such that
Cliyll < llwll < DY, [ - IDCllyll,  forally e Y-

Therefore by Observation 2.2,

b0 235

Since 6, (Y, | - ) = 6n((X, | - I, () 2 67/2, and

1
5u(Y, - 1) < 6™ sup g v br < Lgn sup ¢y
p>n 6 7 61 pn

(by Theorem 4.4), we obtain

DY -I> e >h

-2 SUP,>p, &y

The proof of Proposition 4.3 comes from an argument in [OTW]. We recall
this argument here.

Sketch of the proof of Proposition 4.3: Fix n € N such that 02'™ > 6 — ¢ and

set a = 05/™. For j € N and z € X define

:
| z |;= sup{d’ Z | Eiz)l: (Eiz)% is j-admissible w.r.t. (e;)} and
1

n—1

lol= 3 lal; (where | lo=- I
=0
We claim that §.((X,| - |),(e;)) > a. To see thislet e, <zy <22 <--- <7 in
X and z = Zle z;. Forj=1,...,n—1 we have | z |;> aZfﬂ | z; |j-1 (by the
definitions of | - |; and | - [j—1) and also | z |p> aZle 35 ooy (since a™ =46,).
Therefore we get | z [> aZLl | 5 |- |

To prove Theorem 4.4 we need some norm estimates in T(6,, S,)n for certain
iterated rapidly increasing averages. Before defining what we mean by this we
fix some terminology.

Let FE and F be intervals in N. We say that E does not split F if either
ENF=0or F CE. Forxz € cyp E does not split z if E does not split
ran(z). Let (z;) be a block basis of (e;) in coo, and let By < B3 < --- < En
be intervals in N. We say that we minimally shrink the intervals (E,);L,
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to obtain intervals (F,);_, which don’t split the z;’s, if for £ =1,...,N
we let G, = E,\ U {ran(z;): E, splits z;} and let F1 < F < --- < F,, be the
enumeration of the non-empty G,’s.

By a tree we shall mean a non-empty partially ordered set (7, <) for which
the set {y € T: y < z} is linearly ordered and finite foreach z € 7. If 7" C T
then we say that (77, <) is a subtree of (T, «). The tree T is called finite if
the set 7 is finite. The initial nodes of T are the minimal elements of 7 and the
terminal nodes are the maximal elements. A branch in 7 is a maximal linearly
ordered set in 7. The immediate successors of z € T are all the nodesy € T
such that z < y but there is no z € 7 with z < z < y. If X is a linear space,
then a tree in X is a tree whose nodes are vectors in X. If X is a Banach space
with a basis (e;) and (z;) < (e;) then an admissible averaging tree of (z;) is
a finite tree 7 in X with the following properties:

o T= ()  where M e Nand 1=NM <... < N!' < NO.

7=0,1=1

o z] < - <y wrt. (&) (j = 0,1,...,M — 1) and (m?)ﬁvzol is a
subsequence of (z).

Alsofor j=1,...,M and i = 1,..., N7 we have the following:

e There exists a non-empty interval I/ C {1,...,N77!} such that
{zi~1: s € I/} are the immediate successors of 7.
j 1

—_ ped—1
SRRV

. (min(ran(xg"l)))selg € S; where ran(z?~!) is taken w.r.t. (z).

Note that the last three properties together require that mf be a 1-admissible
M,NI

j=0.i=1 D€ an
admissible averaging tree as in the above definition, and let b = {yp < -+ < yo}
be a branch in 7. For i = 0,1,..., M we say that the level of y; is . Note that

this is well defined, since the definition of admissible averaging trees forces every

average of all of its immediate successors w.r.t. (zs). Let T = (xf)

branch to have the same number of elements. Indeed for each i and j, the level
of zJ in T is j. Let 7 be a tree, z € T of level £ and k¥ € N. By T(z,k)
(resp. T*(z,k)) we shall denote the subtree of 7' = {z} U{y € T: y > z}
(resp. T’ = {y € T: y > z}) which contains all the nodes of 7" that have level
£,¢—1,...,.or {—k+1inT. Let T be an admissible averaging tree in a Banach
space X with a basis (e;). Let z € 7 have immediate successors 21 < --- < z, (a
finite block basis of (e;)), let k € N, and let F C N be an interval which does not
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split any of z1,...,%,. Then by Tr(z, k) we shall denote the subtree of T(z,k)
given by Tp(z, k) = {z} U {y € T*(z,k): ran(y) (w.r.t. (e;)) C F}.

Definition 4.5: Let (z;) be a block sequence of (e;) in cpo, M,N € N, and let
(€7);.ien U {8} C (0,1). We say that z is an (M, (€7),0, N) average of (z;) w.r.t.
(e;) if there exists an admissible averaging tree T = (x{ );w:év i]=1 of {z;) whose
initial node is z (= z) and

for j =1,. Mand1<z’<NjifNj—max(ran(a:j))wrt (es)
(N} = N), then z] is an average of its immediate successors of length
kI > 6N /0l

T then will be called an (M, (¢J),6, N) admissible averaging tree of (z;) w.r.t.
(e;). For i=1,...,N% set N} = max(ran(z?)) w.r.t. (e;), and Ny = N. Then
(NJ) _0 1_0 are called the maximum coordinates of T w.r.t. {(e;).

Remark 4.6: Let X be a Banach space with basis (e;) and let (z;) be a block
sequence of (e;) with ||lz;]] < 1 for all i € N. Let (&l);ien U {8} C (0,1). Let
M NeN and let  be an (M, (e i),&,N) average of (z;) w.r.t. (e;) given by
= (z )J Z04=1- Then we can write 2 = 3, - a;z; for some finite set ¥ C N
such that
(1) Yjepai=1&a;>0forallie F.
(2) zis M-admissible wrt. (z;) (e F € Sy).
(3) Let (N]) ._0 ;—p be the maximum coordinates of 7 w.r.t. (es) For j =
,Mand 1 <i< N, let EJ(l) < EJ(2) < --- < EI(N/_,) be a finite

sequence of intervals in N with U,Z it E](ﬂ) C ranf ]) and assume that
we minimally shrink the E?(£)’s to obtain intervals (FJ (£))," “ ' (some of

which may be empty) which don’t split the a:’ s, Then

M NI N,

NN IE\F (0)e]) < Ze’

j=1i=1 ¢=1
Indeed (1) and (2) are obvious. To see (3) note that for every j = 1,..., M
1<i< Niandf=1,...,NJ |, the set E}(£) splits at most two 23~ ’s
each of them having norm at most 1. Thus WEIO\FI (£))?|| < 2/K and
50 Yprtt II(BI (O\F (€))2]]) < 2N_, /K] < e, which proves (3).
The concept of (M, (e1), N) averages is 1mphcit in [AD] (see also [OTW]).

7

PRroPOSITION 4.7: Let (z;) be a block sequence in cpo, M,N € N and
(])jien U {8} C (0,1). Then there exists ¢ which is an (M, (¢]),0, N) aver-
age of (z;) w.r.t. (e;).
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Proof: Note that by replacing each (¢]); by a smaller sequence if necessary we
may assume that (¢]); is decreasing. For M = 1 we choose z} to be an average
of k} > 6N/(fel) many z,’s chosen from {zs: s > ki}. Next, consider the case
M = 2. At first we continue the argument that we gave for M = 1 to construct
z} < ) < --- as follows: For k! > 6N/(fe}) let 7] be an average of k] many
x4’s chosen from {zs: s > k1}. If Z} has been constructed for some i € N, and
ki, >6N}/(fel, ), then Z}, | is taken to be an average of k]|, many z,’s chosen
from {z,: s > k},,} where N} = max(ran(z})) wr.t. (es). Note that Z} < Z},,
since E}H < 1. Also note that for every i € N, Z} is a 1-admissible w.r.t. (z,).
Then for k? > 6N/(0e?) take x? to be an average of k? many Z.’s chosen from
{Z3: 2} > z42}. Then the (2, (e7),0, N) admissible averaging tree 7 of (z;) that
corresponds to z? is determined as follows: z3 € 7. If 22 = ﬁ > ier &1 for some
finite set ¥ C N then Z; € 7 for i € F. Foreach i € F if ] = TPI’T|236F¢IS

for some finite set F; C N then z, € T for s € F;. Enumerate the z,’s in T

as 79 < 23 < -+ < 2%, and the Z}’s in T as z} < z3 < .-+ < zk,. Since
z? is a 1-admissible average of (z}) w.r.t. (z;) and for each i = 1,..., N1 z} is

1-admissible w.r.t. (z,), we have that z? is 2-admissible w.r.t. (z;). We let the
k!’s and N}’s be defined by Definition 4.5. Each k} will be k, for some i’ > i and
Ng = N while N} = N}. Since (¢}) is decreasing the condition k! > 6N} ,/(6<])
remains valid. The case M > 2 is proved by iterating this procedure. 1

Next we prove some norm estimates for (M, ()6, N) averages in T(0,, Sn)N-
We will always denote the norm of T'(6,, S, )~ by {| - || We need for p € NU {0}
and N € N to define the equivalent norms || - ||, and || - ||s, » and the continuous
seminorms || - | p as follows (|| - lo = || - || and 8§y = 1):

lzllp = 0p sup{z | E;z|: (E;) is a p-admissible sequence of intervals },
N

lzlln,p = sup{z |Eiz|l,: N € Ey < E3 <--- < Epn are intervals }  and
1

Hzllsy.p = sup{z | Esx|lp: (E;) is N-admissible sequence of intervals}.

Of course for z € ¢gp each “sup” above i3 a “max” and there exists p € N so that
|l = llllp if |zl # ||l
Remark 4.8: Let g = 1. For all z € ¢y and for all p € N we have

0
llzllp, < ﬁll-’vllshp—].
o

Moreover, if p = 1 we have equality.



138 G. ANDROULAKIS AND E. ODELL Isr. J. Math.

Indeed there exists (F;);cs a p-admissible family of intervals such that
lzlly = 6, 3 I Bzl
il
We can write I = Uf I; where (E;);ej, is p—1-admissible and if F is the smallest
interval including ¢, E; then (F}){ is 1-admissible. Thus

0, < 0, < 0
l2llp = 5= Y 0p1 Y ||Eizl] < o > N Fszllp-1 < g lells p-1 B
p—1 j=1 p—1 = p—1

Notation: If A C[0,00) is a finite non-empty set, we set A* = A\{max(A)}.

Observation 4.9: Let N € N and D,e > 0. Note that if £ > ND/e and
A, C [0,D] for £ = 1,..., N are finite sets with | A; | +---+ | Ay [< k then
* Sy S{aace A} < max((Jp_, A7) +e.

We will apply this for D = 1/6; in the proof of (2) of Lemma 4.10 below.

LEMMA 4.10: Let z1,...,2, be non-zero vectors with k < z1 < 2 < --- <z
and ||z < 1 for all i, let = £(z1 +--- +,) and € € (0,1). Let F' C ran(x)
be an interval in N which does not split the z;’s. Set 6y = 1, N; = max(ran(z;))
w.r.t. (e;), No=1and let N € N. If k > 6N/0,¢ then

(1) For every p € N,

0
[Fzllve < 5 pl max{||z;l| N,y p~1: Tan(z:) C F} +e.
p—

(2) There exists n € N, intervals Fy < Fy < --- < F,, which don’t split any z;,
U=y F, C ran(z), and (p,)7~; C N so that

n 0 *
lmMQSmu(U{%”JMWHWAww@nc%}>+a
.

=1
Proof: (1) For p € N there exist intervals N < E; < --- < Ey such that
Ué\{;l E, C F and

N N
0
IFzling =D IE,allp < 9—": > IE,zlls,p-1  (by Remark 4.8).
£=1 L

We minimally shrink the intervals (E;);' to get n < N and intervals N < Fy <
Fy < --- < F, which don’t split the z;'s. Since each E, splits at most two z,’s,

1 7]
. 1< =] d P <
I lsip-1 S gll-Il and <1,
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O 2N
by E,z||s, p- L F,zllsy p-1+ —.
p 1 ; “ “51717 op—l E:ZI ” [/ ”51,11 1 kal
Fix an £ € {1,...,n}. There exists a 1-admissible family of intervals (Fy m)m

with Fp ., C F, for all m and ||F,z|ls, p—1 = >, | Fe,m|lp—1-
Let s be minimal with ran{z;)NF,, # @ (we may assume that such an s exists)
and ¢ be maximal with ran(z:) N F, # 0. Then

> I Femzllp-1 < %(Z [Eemsll + Zst1llng p-1 + - + [Tl vy p-1)

m

1
L+ 3 loilynss

i=s+1
Set [r, R] = {i: ran(z;) C F'}. Hence

?rl'—‘
S,

6, 1/n
52 (g lerallvess +llzrsalive g -+ omling o)

Therefore we have proved that

16,
Fzlnp < _,“9— (lzrs1lln, -1 + 1Zrs2llNppr p=1 + - + 2RI VR p-1)

L3N
ko’
thus
18 N

@) [Fzllnp < %0, . Z{H%HM vp—1: Tan(zg) © F} 4 -
which yields (1) of Lemma 4.10.

(2) Choose intervals N < E; < E; < --- < Ep such that |lz|no =
SN, |E,z]|. As before, we minimally shrink the intervals (E;) to obtain n < N
and non-empty intervals F; < Fy < --- < F,, which don't split the z;’s and

satisfy

N n

2N
Y NE | < Izl + =
=1 £=1 k

Fix £ € {1,...,n}. If |[Fyz|| # |[F,z|loo then there exists p, € N such that
|Fyz|l = HFepre. By equation (3) for N =1 we get

(1 annpg-M = (X lloill sy rana) € FY) + 2o

1
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If ||F,z|| = ||[F,zllco then ||F,z|| < 1/k and so (4) still is valid. Thus

5N

Iellvo < k;(, S Uil -1 Tan(e) € F} 4+ 2

<max(U{

by Observation 4.9, since ||- ”Ni—l’pe_l <1/61))-|, and k > 6N /ey = N/(c/6)6;
1

|l v, _ ot ran(zx;) CF} ) +e€

pel

LEMMA 4.11: Let (x;) be a normalized block sequence in X = T(6;, S;)n,
M,N € N and (g]);, ieN C (0,1). Let z be an (M, (¢]),8:1, N) average of (z;)

w.r.t. (&), let T = (z1)™ i 0 ;= be the corresponding admissible averaging tree of

(z;) with z =z}, and let (N’)J 0 ;—=¢ be the maximum coordinates of T w.r.t.

(e;)- Then for j=1,...,M andi=1,..., N7 we have the following properties:
(1) For every p € N and every F C ran(xf) which does not split any 3~ we
have

- 0,

HF:):fHN] S . max{HxJ HNJ 1, Tan(z] =YY C F} +¢€!/N?

(2) There exists n € N and intervals Fy < F; < --+ < F,, which don’t split any
27, (Upey F, C ran(z 7)) and (p,)?=1 € N such that

) n 0y ) * )
HxﬂlN‘;_l’O < max (U {H——IH;,;J IHNJ : 2_1: ran(xfs“l) C Fe} ) +el.
=1 P
(3) IfO<p <p,p—p <j<M,1<i< N/ and F C ran(z}) is an interval
which does not split any zi~! then
; g A o
1y < max{la ]yt Tanal 7)) C F)
f4 8= ’
k

+Z{]\f§_1:z§ € Tp(zg,p—p’)}.

(4) If1<p<j<M,1<i<NJand F C N is an interval which does not
split any =1 then

||Fxg'”N, <6, max{||zi~ Pllyi-r o ran(zl?) C F}

+Z{N£_1 1Ty € TF(E{J’)}-

1P
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(5) There exists m € N and intervals Fy < Fp < -+ < F (U, F, C ran(zM))
which don’t split the z0’s and (pe)gll C N withp, > M for all ¢, such that

m o4, .
22| < max (U { g 1ol p, e ren(a?) F,} ) +e.
=1 A
(6) ForJ =1,...,M,1<i< N7,
Izl o <07 +e

7) If1 < p< M then |zlly, < ¢,0M 1 +¢.
P S @p

Proof: (1), (2) Combine Lemma 4.10 with Definition 4.5.
(3) By (1) of Lemma 4.11 we have

; 6 . . Y
1Fallg, p <527 max{lla sy oot ran(el™) Y+
L i-1
bp Op—1 e 2
SG P, max{]|z? HN] -2 p2’ ran(zl%) C F}
p—1 Up—

ek )
+ s 2k e Tp(zl,2)
> J
<o
< 0, Bp_1 Op 41
_'9p—1 91,__2 Hp,

x max{ o~y ¢ ran(el”#")) C F)

ek ;
+3 {N—,: 2k € Te(al,p - p)}.

(4) Follows immediately from (3), letting p’ = 0.
(5) We prove by induction on J that

(5") for J = 1,. M and 1 < i < NV there exists m € N, intervals
FL<F<- m (U, F, € ran(z; 7)) that don’t split the z0's,
and (p,)j2; C N w1'ch P, 2 J for all £, such that

m

9 *
Hx;-’lINg_i,o < max (U {0 II OHN by ran(z?) C Fe} )

=1 Fg~

+ Z{e’;: e T(z!, )}
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((5) then follows by taking (J,i) = (M, 1) and noting that ||z|| < [|lzM|Ino =
llzllnp0-) Indeed, for J =1 this follows from the statement of (2) for j = 1
Assume that the statement is proved for all positive integers < J where J <
M — 1. By (2) there exist intervals F| < --- < F}, (U F’ C ran(z]*?)) which
don't split the 27’s, and (p’e)?:1 such that

l

n
e+l 4 0 < max (U {

”xJ”NJ AL ran(zx )QFI;} )+aiJ+1.
e=1

if p —1 = 0 for some £ and ran(z?) C F’ then by the induction hypothes1s there
eXISts M(s) € N, intervals Fy (s) < Fy(s ) - < Fusy(s) (U, Fu(s) Cran(z )

which don’t split the z0’s and (p (s))y:(f) C N with p,(s) > J for all 4 such
that

J e Op. 20 *
el 0 <mas | (J {572 Nabllng , py (-7 ren(ef) € Fulo)}

pu=1 P#(S)—

+Z{€f:xf e T(z,))}.
If0<p — 1 < J for some ¢, and ran(z )CF'then by (4),

J—p' +1 J-p’ +1
-1 <9p -1 max{[[:ct ¢ ||NJ_,,2+1 K ran(z, ¢ )C ran(:cSJ)}

t—1 ?

+ Z{Ef: zh e T(:csj,p; -1}

123 ll vy

s—1"

For the remaining £'s we have by (3), for j =J, p = p’l —landp = p} -1-J,

6y 1
2o, pr =1 <5 £ — max{||z?l|no_, p —1-s: ran(z]) C ran(z])}
s [4 p’z—l-J I3

+ ) {ek: ot e T(al, J)}-
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Combining these estimates we get

” T HNJ““ 0

i—1°?

M) 9.0
Smax( U U U {72120, por-s

{¢: p’ =1} {s: ran(zg)gF'} p=1 Op“(s) J

+Z{€ ¥ € T(z!,)}: ran(z?) € FH(S)}
—p/+1
U U {ap'znzt ¢ “ J—p’l+1
N, 0
{¢: O<p’£—1§J} t—1 ,
* J—p' +1 *
+ 5 qeki 2k e T p)}: ran(z, ¢ ) CF)}
6‘,,:
U U {———”l’t”Nt P, =(T+1)
{¢: p;z>.]+1} —('}+ )

+ Z{a’;: 2 e T (z]™,J + 1)}: ran(a?) C Fé}*) +¢]71.

The induction hypothesis gives that for 0 < p; —1<Jand1<t<N TP with
J—p' +1
ran(z, K ) € F), there exist K(£,t) € N and sets Gi1(4,t) < Ga(l,t) < -+ <

’

J-p +1
Gk(e,t)(£,t) which don’t split the z’s such that U G, (¢,t) Cran(z, Te ), and
there exist (g, (¢, t)) e ) ¢ N with q (6t) > J ~ p + 1 such that

J—p +1
fz, ¢ | I-p, 41 <
t—1 '

K(¢t) 0
9, (&t)
max m”%”m 12 (61 = (T =p 1)’ ran(z)) C G, (¢, t)}
k=1 Qk sT)— —P’[

+Y {ek: ah e S(e,1)}

J—p +1
where S(¢,t) = T(xz, * ,J—p,+1). Thus, these estimates give

J4+1
o7+ g

M(s)

610p,(5)

< — Vpul(s)  yo0

S max ( U U U {0(1+ (N)=(J+1) “xt ”N?_l,p“(s)—J
{& P, =1} {s: ran(acg)gF’} p=1 Pu

+Z{e = e T(x?, N} ran(z?)gFM(s)}*
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K(8,t) 0, 9 L)

U l23llwo_ —(J—p +1
{e; o<”L2J“1<J} kL=J1 9(p2+qk<e,t)>—u+1) ort (BT D

+ 3 {ek ok € T (e, ) US(4,D)}: ran(a?) € G, (4, t)}*
U U {0sleliine

tl’

{&: p’e=J+1}
+ {ek:al e T" (@], T + 1)}: ran(a}) C FI}"
9 '
o U g iefing gy-o

(&7 >T+1) oy~

+ Z{ef: zk e T (2, J +1)}: ran(z?) C Fe’} ) + e/t

p’e +4q,(4,t) > p} +(J —p, +1) = J+1 and the sets F,(s)’s, Fy’s, and G, ((,t)’s
don’t split the 20’s, and arranged in successive order, give the required sequence
Fy <.-- < Fy,. Then 14p,(s)’s, p’l+qk(£,t)’s, and p;f’s for pz > J+1, arranged
in the corresponding order, give the required sequence (pe);’;l. This finishes the
induction.

(6) Since z{ is a (J — 1, (e Hl) 61, N) average of (z ) w.r.t. (e;), by applying
(5') we obtain that there exist intervals Fy < F < --- < F,,, (U, Fr C ran(z))
which don’t split the z1’s and (pg)7%; C N with

o7l o <max (U {——a—lizan ety Tan(zh) C Fe} >

=1 ap‘ (J-1

+ Y {eh: 2k e T@!,7-1)}

Note that 9101,“(3) < 01+p#(s)’ 1 +pu(8) > J+1, Bpéoqk(e,t) < ep;z.;_qk(g,t),

Now by applying Remark 4.6 (3) we obtain that for £ and s with ran(z}) C Fy

”$§I|N;_l,pe—u—1) <l+e;.

Thus
m o *
2] llns 0 < max U {——pf—: ran(z}) C Fg} +e
Y 5 Upe—r-)
=(U {9J“——-¢”‘ : ran(z,) © Fe} +e
=1 ¢p5_(‘f_l)

</ te
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(7) By (4) and (6) we obtain

lzlln.p <0p maxfie Pllym-s,
<0,0M P e
:qbpaM—l + €. | |

To prove Theorem 4.4 we need also the following;:

LEMMA 4.12: Forall JN e N, e >0 andY < X = T(6;,S;)~n there exists
y € Y with {ly|| = 1 and

yling < %3(1 +e), forallp=1,...,J.
Proof: The lemma follows immediately from Lemma 4.11 (7) and the following

CrAM: Let (z;) be a normalized block basis of (e;) in T(6;,S;), J and N be
natural numbers, § > 0 and (¢]) C (0,1). There exists a (J, (¢]),01, N) average
y of (x;) w.r.t. such that |jy|| > (1 —8)87.

Suppose the claim were false. Construct a block sequence (y;) of (z;) where
each y! is a (J, (), 0;, N) average of (z;) w.r.t. (e;). Note that |ly}|| < (1-6)67.
Set 2! = y!/|ly}|| for all i € N. Let (3?) be a block sequence of (J, (¢1),01, N)
averages of (z}) w.r.t. (e;). Note that |ly2|| < (1-6)87. If y? = 3, c p2 akTk then
by Remark 4.6 (1) we have that Y, mar > (1 —8)71677. Set 22 = 2/|1v3
and continue in the same manner. After m steps we get a vector ¥™ which is a
(J,(€]),01, N) average of (2""!) w.r.t. (e;). Moreover, writing y™ in the form
Y™ = D perm GkTk We get Y pmap > (1 — §)~(m-1g=(m—1)J " The family
(zk) ke pm is mJ-admissible so we have a general estimate

Y™l > Oms Y Gk > Omy(1 —8)~(m =m0,
keF™

Combining this with an upper estimate for the norm of y™ we get
By (1 — &)~ (Mg~ (m=1J < (1 _ 5)97.

Thus ¢y < (1-95)™. But if m is sufficiently large, this contradicts the definition
of § and this completes the proof of the claim. B

Note that the above proof yields that the vector y which satisfies the statement
of Lemma 4.12 is a multiple of some (J, (€]), 61, N) average of some normalized
block sequence of Y w.r.t. (e;).
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Proof of Theorem 4.4: Let € > 0 be arbitrary. By Lemma 4.12 we can find a
normalized block sequence (z;) in Y and an increasing sequence (j;) of integers,
g1 = 1, so that if Ny = 1 and N; = max(ran(z;)) w.r.t. (e;) then for every i € N
we have

Vp=1,...,5i, Izilln_1p < %’(1 +¢) and

VD > Jit1, Nzillv: o < e
Let (eX); ken C (0,1) with ik ek < ¢ and let z be a (4, (¥),01,1) average of
(z;) w.r.t. (e;) with admissible averaging tree (zf)fci’;z:l of (z;) and maximum

coordinates (Ni")i‘g:i:o w.r.t. (e;). Fori=1,...,NOif 29 = z;, define j; = js.
Then j; < --- < jno and for i = 1,..., N° we have

¥p=1,...,4 [lz?HN?_pp<%(l+e) and

Vp 2 jit1, ledlive | p <e

Note (by Remark 4.6 (2)) that ] is j-admissible w.r.t. (;) and by Lemma 4.11
(5) there exist m € N, intervals F; < --- < F,, which don’t split the 20’s, and
(p,)7=) C N with p, > j for all £ such that

m op .
||| < max (U { £ ,H-’”glleﬁl,pe—j: ran(wg) - Fe} ) +e.
£=1

0,
Pp=J

For each £ =1,...,m if p, > j then there exists exactly one m, € N such that
Jm, <Py = i< jme‘H' We shall use the obvious remark that if A C [0, 00) is
a finite non-empty set and a € A then max(A*) < max(A\{a}). If p, = j then
O, / Op,~; = 0; and we note that

1

1
0 oy _
“ms“Ng_l,O S 01 ”xs” 61 .

Thus

9 .
l|z|| < max U {() Py ”'T-(:”N.?—Upg_j: ran(z?) C F, s # me} U {g_i}

{&p,>5} Fe?
+e.

Let ran(z%) C F, and p, > j. If s < m, we have js41 < jm‘Z <p, —J and so
H:CgllNg_l,pe_j <e. If s > m, we have j; > jm, +1 > p, — j and so

bp,-j
”zg“Ng_l,pl—j < —ST—(I +€).
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Note that
gpz ¢pe ‘]

= 6]- 1
0p£ —10 ¢p£

and therefore

Izl < 67 supdp(1 +¢) v % + 2.
p>j 01

Note (by Remark 4.6) that we can write £ = ) 5 a;z; for some set F' € S; where

a; >0 foralli€ F and ), pa; = 1. Therefore §;(Y) < ||z|| and since ¢ > 0 is
arbitrary we obtain the result. |

Note that Theorem 4.4 does not necessarily give the best possible estimate for
§;(Y). Indeed if ,, = 27" for all n then T = T(#,, Sn)n is Tsirelson’s space and,
forall Y < T, §;(Y) =277 [OTW]. Yet Theorem 4.4 only gives §;(Y) < 277+L.
However, we have the following estimate which does yield the proper estimate
for Tsirelson’s space.

THEOREM 4.13: Let X = T(0,,S,)N beregular. Then forallY < X andj € N

we have
5;(Y) < 69 sup el .
p2j ¥p—J
Proof: LetY < X, 7 € N and € > 0. Since Y contains #7’s uniformly, for ali
N e N 3dy e Y withl = |jyll <llyllno €1+ ¢ (see e.g. [OTW] proposition
2.7). Therefore we may choose inductively a normalized block sequence {(z;) in
Y so that for ¢ € N, if N; = max(ran(z?)) w.r.t. (e;) (No = 1) then ||z;||n,_, 0 <

1 +¢. Note then that for every i,p € N, {lzilin,_,p < l[@illne 0 < 1 +e.
Let (eF)iken C (0,1) with 37, , e¥ < & and let « be a (j, (¢F),61,1) average of
(z;) w.r.t. (e;) with admissible averaging tree (mf)i’i\f;i:l of (z;) and maximum
. Nk

coordinates (Nf)fc’ivo,z':o w.r.t. (e;). Note then that for every i,p € N we have
that [|z9]|ne_ , < 1+e. By Lemma 4.11 (5) there exist m € N, F{ < -+ < Fip
intervals in N which don’t split the z’s and integers (p,)7%, with p, > j for all
£, such that

91’
izl Smax{g Cllaling , p,s: €= 1, mran(ad) C F,} +e
pe‘]

<67 sup —?—L(l +e)+e
p2j Yp—j

and the result follows since £ > 0 is arbitrary. |

To estimate d;(Y) for Y = X is easy as we see from the following:
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THEOREM 4.14: Let X = T(6,,, Sn)neN be regular. Then for all j € N we have
8;(X) =6;.

Proof: Let j € N and € > 0. Let (¢5); ren C (0,1) with Y e® < ¢ and let

z be a (j,(gF),0,,1) average of (e;) w.r.t. (e;) with admissible averaging tree
- ark - Atk

(=F {;ﬁo,izl and maximum coordinates (Nf)i’ivo,izo w.r.t. (e;). Then by (2) there

exists m € N, Fy < --- < Fp, intervals in N and integers (p,)7~, with p, > j for

all £, such that

sz

lz]| < rnax{e _Ilm?HN?_ppe_j: £=1,...,m,ran(z?) C Fe} +e.

Py—i
Since (x?)f\’zol is a subsequence of (e;), we have ”w?”N?_pPg -
i=1,...,N%and £ = 1,...,m. Thus ||z|] < ma.xlsggmf)pe + €. Since the
sequence (6;) is decreasing we have ||z|| < 0; + ¢. Since supp(z) € S; and € > 0
is arbitrary we obtain the result. |

= Hpe —; for every

QUESTION: If X = T(0,,S5,)N is a regular mixed Tsirelson space and Y < X,
is 8;(Y) = 0; for every j € N7
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