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ABSTRACT 

Any regular mixed Tsirelson space T(On,Sn)N for which On/O n -+ O, 
- ~ l / n  

where 0 = lima gn , is shown to be arbitrarily distortable. Certain 

asymptot ic  ~1 constants  for those and other mixed Tsirelson spaces are 

calculated. Also, a combinatorial result on the Schreier families (S~)a<~l  

is proved and an application is given to show that  for every Banach space 

X with a basis (ei), the two A-spectrums A(X)  and A(X,  (ei)) coincide. 

1. I n t r o d u c t i o n  

A Banach space X with basis (ei) is asymptotic 61 if there exists 5 > 0 such that  

for all n and block bases (xi)~ of (ei)~,  

(1) II E x i l I  >-- 5 Ilxill. 
i=1 i=1 

Such a space need not contain 61 aS witnessed by Tsirelson's famous space T. 

The complexity of the asymptotic  61 structure within X can be measured by 

certain constants 5~(e~) for a < wl. 51(e~) is the largest 5 > 0 satisfying (1) 

above. Subsequent 5~'s are defined by a similar formula where (xi)~ ranges over 
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"a-admissible" block bases (all terms are precisely defined in section 2). These 

notions were developed in [OTW] where, in addition, 5a (Yi) was considered, for a 

block basis (Yi) of (ei). In this setting, (Yi) becomes the reference frame and one 

naturally has (fa(y~) > ~a(ei). These constants can perhaps increase by passing 

to further block bases and this leads to the notion of the A-spectrum of X, 

A(X).  Roughly, A(X) is the set of all ~/= (~)~<~1 where % is the stabilization 

of (f~(yi) for (yi) some block basis of (ei). Alternatively, by keeping (ei) as the 

reference frame, in a similar manner we obtain A(X, (ei)). In section 3 we prove 

that  these two notions coincide, A(X) = A(X, (ei)). 
Argyros and Deliyanni [AD] constructed the first example of an asymptotic 

gl arbitrarily distortable Banach space by constructing "mixed Tsirelson spaces" 

and proving that  such spaces can be arbitrarily distortable. In section 4 we 

consider the simplest class of mixed Tsirelson spaces X = T(ton, Sn)neN where 

tOn -+ 0 and sup,~ tOm < 1. These are reflexive asymptotic gl spaces having a 
,. ,~l/n 

1-unconditional basis (ei). Also we may assume tO - nm~ t~ exists. We prove 

that  if 0~/tO n -+ 0 then X is arbitrarily distortable. In particular, this happens 

if 0 = 1. Thus, for example, T(h-~+l, Sn)N is an arbitrarily distortable space. 

We also calculate the asymptotic constants 5~(X) for these spaces along with 

the spectral index IA(X). 5,(X) is the supremum of 5~((xi),l • [) under all 

equivalent norms on X and IA(X) is the first ordinal ~ for which ~ ( X )  < 1. 

ACKNOWLEDGEMENT: We  want to thank the referee for a simplification of the 

technical argument in section 4. 

2. P r e l i m i n a r i e s  

X, ]I, Z , . . .  shall denote separable infinite dimensional Banach spaces. All the 
spaces we consider will have bases. Every Banach space with a basis can be 

viewed as the completion of coo (the linear space of finitely supported real valued 

sequences) under a certain n o r m .  (e i )  will denote the unit vector basis for Coo 

and whenever a Banach space (X, ]l" H) with a basis is regarded as the completion 

of (coo, II" II), (ei) will denote this (normalized) basis. If x C coo and E C N, 

Ex E coo is the restriction of x t o  E; Ex(j) = x(j) if j E E and 0 otherwise. 

Also the s u p p o r t  of x, supp(x), (w.r.t. (ei)) is the set {j E N: x(j) ~ 0}. The 

r a n g e  of x, ran(x), (w.r.t. (ei)) is the smallest interval which contains supp(x). 

If x, xl ,  x2 , . . ,  are vectors in X (and k C N) then we say that x is an average 
1 x of (xi)i (of length k) if there exists F C N with x = ~ ~ieF  i (and I F I= k). 

We say that  a sequence (Yi) is a (convex)  b lock  s e q u e n c e  o f  (xi) if for all i, 
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~--~ m i +  1 --1 Yi = ,..~j=,~ a j x j  for some sequence m l  < m2 < --. ,  of integers and ( a j ) j e N  C 
v"~ m i +  1 --1 R (resp. wi th  a j  > 0 for all j ,  and ?__.,j=,~, a j  = 1 for all i). If  (xi) is a block 

basis of (Yi) we wri te  (x~) -K (Yi)- X -K Y shall mean  tha t  X has a basis which is 

a block basis of a cer tain basis for Y, when the  given bases are unders tood.  For 

> 1, (X,  ]]. II) is A - d i s t o r t a b l e  if there  exists an equivalent no rm I" I on X so 

t ha t  for all Y -K X 

[lyl. } D(Y,] . l) =~ sup (~ - [~ .  y , z  • Y,[[yll = Ilz]l = 1 > A. 

X is d i s t o r t a b l e  if it is A-distortable for some A > 1 and a r b i t r a r i l y  d is -  

t o r t a b l e  if it is A-distortable for all A > 1. X is of D - b o u n d e d  d i s t o r t i o n  if 

for all equivalent  norms  ] • ] on X and for all Z -~ X there  exists Y -~ Z with 

D ( Y , I .  ]) < D. Note t ha t  if 

then  

(2) C I Y I <- IlY[I <- D(Y, [ . I)C ] Y l for all y • Y. 

For more  informat ion  on distort ion we recommend  the reader  consult  the 

following papers :  [S], [MT], [OS1], [OS2], [OS31, [Ma], [T], [OTW]. 

A s y m p t o t i c  61 Banach  spaces are defined by (1) in section 1 (for ano ther  

approach  to  a sympto t i c  s t ruc ture  see [MMT]). These  spaces were s tudied in 

[OTW] where  cer tain a sympto t i c  constants  were introduced.  We shall recall 

the  relevant  definitions but  first we need to recall the definition of the Schreier 

sets S~, a < wl [AA]. For F, G C N,  we write F < G when m a x ( F )  < min(G)  

or one of t h e m  is empty,  and we write n ~ F instead of {n} < F .  Also for 

x, y • Coo, x < y means  ran(x)  < ran(y) .  

Definition 2.1: So = {{n}: n • N}  U {0}. If a < Wl and S~ has been defined, 

Sa+l = { (_JFi: n G N ,  n < F1 < F2 < --. < Fn and Fi E S~ for l < i < n } .  
1 

If  a is a l imit  ordinal  choose an  f f  a and set 

S~ = {F:  n < F • S~,  for some n}. 

If  (Ei)tl is a finite sequence of non-empty  subsets  of N and a < Wl then  we 

say t ha t  (Ei)tl is a - a d m i s s i b l e  if E1 < . . .  < E e and (min Ei)~ • S~,. If  (ei) is 
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a basic sequence and (xi)el -< (ei) then (xi)el is a - a d m i s s i b l e  w i t h  r e s p e c t  t o  

(ei) if (ran(xi))~l is c~-admissible where the range of x, ran(x) ,  is w.r.t. (el). If  

x E span(xi ) ,  then  x is a - a d m i s s i b l e  w . r . t .  (xi) if supp(x)  (w.r.t. (xi)) E S~. 
Also if x E span(xi )  then x is a 1 - a d m i s s i b l e  a v e r a g e  o f  (xi) w . r . t .  (ei) 

1 X if there  exists a finite set F C N such tha t  x = FF~ ~~'ieF i and (Xi)i~F is 1- 

admissible  w.r.t.  (el). Note tha t  if x is a 1-admissible average of (xi) w.r.t. (el) 

and for some a < Wl each xi is a -admiss ib le  w.r.t. (ei) then x is a + 1-admissible 

w.r.t .  (ei). Thus  if (xi) is a basis for X then X is a sympto t i c  ~1 iff 

0 < 51(x~) - 5 1 ( x )  - 5 1 ( x ,  I t  II) 
n n 

= sup {~ > 0: I [~Y~I I  >- 5ZIlYi[[  whenever (Yi)~ -< (x~) 
1 1 

and (y~)~ is 1-admissible w.r.t.  (x~)}. 

In [OTW] this definition was extended as follows: For a < wl 

~ ( x ~ )  - ~ ( x )  - a ~ ( x ,  I1 II) 

= sup{5 > 0: II ~y~[I > 5 ~ Ily~ll whenever (Yi)~ -~ (xi) 
1 1 

and (Yi)'~ is a -admiss ib le  w.r.t. (xi)}. 

Observation 2.2: Note t ha t  if we have two equivalent norms I1' ]I, Ill" I]1 on x and 

for some c, C > 0, c[[]x[] I < [[xl[ < C[[[x[[[ for all x e X ,  then  for all a < Wl, 

-~,~(x, Ill 111) -< ~ ( x ,  II. II) < ~(x, II1 I[I). 

In p rob lems  of dis tor t ion one is concerned with block bases and equivalent 

norms.  Thus  we also consider [OTW] 

5a(xi) = sup{5~(yi): (Yi) -< (xi)} and 

~a(xi) = sup{5~((xi) ,  I" I): I '  I is an equivalent norm on X}.  

I f  (Yi) -~ (xi) then  5~(yi) >_ 5~(xi). This  is because each S~ is s p r e a d i n g  

(if (n i ) l  k E Sa and m l  < " "  < m k with ni <_ mi for all i = 1 , . . . , k ,  then  

(m~)~ E S~). This  leads to the following definition [OTW]. 

Definition 2.3: A basic sequence (Yi) A-stabilizes 7 = ( ? ~ ) ~ < ~  C_ R if there  

exists ¢~ ~ 0 so t ha t  for all a < Wl there exists m E N so tha t  for all n > m if 

(zi) -~ (Yi)~ then  I 5~(zi) - ~/~ I< en. 
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Remark: It is automatic from the definition that if (Yi) A-stabilizes ~, then for 

all c~ < wa, ~ = sup{5~(zi): (zi) ~ (yi)}. Furthermore, if (zi) -~ (Yi) then (zi) 
A-stabilizes ?. 

It is shown in [OTW] that if X has a basis (xi) and (Yi) -~ (xi) then there 

exists (z~) -~ (Yi) and ~/= (%)~<~1 so that (zi) A-stabilizes % 

Definition 2.4: Let X have a basis (xi). The A-spectrum of X, A(X),  is defined 

to be the set of all ? 's  so that (y~) stabilizes ~ for some (y~) -< (x~). We also 

define A(X)  = [J{A(X, ]" I): I" I is an equivalent norm on X}. 

We have that  A(X) ~ ~ and it is easy to see that ~ ( X )  = sup{7~: 7 E ~,(X)}. 

THEOREM 2.5 ([OTW]): Let X have a basis (xi). 
1. If  7 E A(X)  then 7~ is a continuous decreasing function of a. Also 

~ + ~  >_ " y ~  for all ~, t3 < 021. 

2. For all a < Wl and n ~ N, 5~.n(X) -- (5~(X)) n. 

3. X does not contain ~1 iffh~(X) -- 0 for some a < Wl. 

Definition 2.6: Let X have a basis (xi). The s p e c t r a l  i ndex  IA(X)  is defined by 

ILx(X) ---- inf{a < Wl: 5~(X) < 1} if such an a exists and IA(X)  -- wl, otherwise. 

Definition 2.7 (Mixed Tsirelson Norms lAD]): Let F C_ N. Let (a~)neF be 

a set of countable ordinals and (0~)~eF C (0, 1). The mixed Tsirelson space 

T(On, S ~ ) ~ e F  is the completion of Coo under the implicit norm 

Ilx[I -- [[xllo~ v sup sup{0q ~ [tEixll: (Ei)~ is an aq-admissible sequence of sets}. 
qcN 1 

It is proved in [AD] that such a norm exists. They also proved that  

T(On, Sa~)neF is reflexive if F is finite or limF~n-~oo0~ = 0. (en) is a 

1-unconditional basis for T(O~,S~.) so we can restrict the Ei's in the above 

definition to be intervals .  It is worth noting that T, Tsirelson's space ITs] as 

described in [F J], satisfies T = T(1/2,  $1) = T(1/2  ~, Sn)N. 

3. A p r o p e r t y  o f  t h e  A - s p e c t r u m  

The definition of 5~(xi) is w.r.t, the coordinate system (xi). In [OTW] the 

following notion is also introduced: 

Definition 3.1: Let (ei) be a basis for X and let (xi) -< (e~). For a < Wl we define 

5~((xi),(ei)) = sup{5 > 0: I[ ~ Y i l l  >- 5~-~.llyill whenever (yi)• -< (xi) 
1 1 

and (Yi)~ is a-admissible w.r.t. (ei)}. 
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If  (Yi) -< (ei) we say tha t  (Yi) A(~,)-stabitizes "), ---- ('7o)o<~1 if there exists Cn x 0 

so tha t  for all a < Wl there exists m • N so tha t  if n > m and (zi) -~ (Yi)~ 
then [ 5o((zi), (ei)) - '7o I< c~. Let A(X,  (ei)) be the set of all "),'s so tha t  (Yi) 
A(~,)-stabilizes "7 for some (Yi) -~ (ei). 

One can show, by the same arguments  used to establish the analogous result for 

A ( X )  [OTW], t ha t  for all (xi) -~ (ei) there exists (yi) -< (xi) and "y = ( 'To)o<~ 

so tha t  (y~) A(~)-stabilizes '7. In particular,  A(X,  (e~)) is non-empty.  

In this section we prove tha t  the A-stabil ization and the A(e~)-stabilization are 

actual ly  the same notions. More precisely we prove 

THEOREM 3.2: Let X have a basis (e~) and let (zi) -~ (ei) so tha t  (x~) 

A(e,)-stabilizes ~ • A ( X ,  (ei)) and (xi) A-stabilizes ~ • A (X) .  Then ~ = "7. 

Hence A ( X )  -~ A(X ,  (ei)). 

First we need a combinatorial  result. IN] denotes the set of infinite subse- 

quences of N.  If  N = (n~) • [N] then S~(N)  = {(ni)iEF: F • So} and IN] is the 

set of infinite subsequences of N.  

Let g • [N]. Then there exists L = (g~) • [N] so that for PROPOSITION 3.3: 

all a < Wl, 

(gi)ie~ C So~(gi+l)ieF E So(N).  

Proof: Let N = (ni). We shall choose M = (mi) E IN] and then prove by 

induct ion on a t ha t  L -= (g~) satisfies the proposit ion where ~ --- nm,. Let 

ml  -- n l .  If  m k has been defined set mk+l  = n m  k. 

The  case a -= 0 is trivial. 

Assume the result holds for a and that  (nm~)ieF E So+l. Thus  there exists 

k E N and nm k < E1 < E2 < "'" < E,~m k (some possibly empty)  so tha t  Ej E So 

for all j and (nm,) ieF ----- U1 mk Ej. For each j let E j  : (nm,)iEF ~. Then  nn.~ k ---- 
nrn 

nmk+, <_ (nm,+,) ieF --~ U1 k (nmi+,)ieFj and for all j,  (r~m,+,)ieF ~ E So(N).  

Therefore (n,~,+ 1)seE E So+l(Y).  
If  a is a limit ordinal and a,, /~ a are the ordinals used to define So and 

the result holds for all /3 < a (so in part icular  for each a,,),  let (n,~,)ief e So. 

Thus  for some k e N,  k <_ min(n,~,)iev - nm, o <_ (nm,) ief  e So k. Hence 

n k <_ n~.~,0 -- urn,0+1 ~_ (nm,+l)ieF C S~k(N ) therefore (nm,+l)iev • So(N).  
| 

As a corollary we obtain a result of independent  interest. 
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COROLLARY 3.4: Let N • IN]. Then there exists L = (gi) • IN] so tha t  for  all 
O~ ~ 0J1, 

(gi)ieF • Sa===~(~i)ieF\ min(F) • Sa(N). 

Proo£" Let L be as in Propos i t ion  3.3. Let F = ( f l  < f2 < " '"  < f~) wi th  

(gi)ieF • S~. T h u s  ( g f l + l , / f 2 + l , . . .  ,gfr-t-1) • S~(N). Since f l + l  <_ f2, f 2 + l  

f 3 , . . ,  and S~(N) is bo th  spreading and hereditary,  we get t ha t  (g i ) i c f \  mi,(f)  • 

s ~ ( N ) ,  i 

Proof of Theorem 3.2: Let (xi) A(e~)- and A-stabil ize ~ and 7 respect ively and 

let a < Wl. Since S~ is spreading,  ~ < 3'. Let e > 0 and choose (Yi) -< (xi) so 

t ha t  for all (zi) -< (Yi), 
15~(z/) -3'5 L< ~- 

For i E N set n/ = min(ran(yi ) )  w.r.t.  (e/) and choose L = (nm~) by Propo-  

sition 3.3. For w E span(ym~) i f w  = ~ = j a i y m ,  where aj ~ 0 we set z~ = 

CLAIM: If  (w/)~ -< (ym,) is a -admissible w.r.t. (ej) then (ffJi)~ is a -admissible 
w.r.t. (yj). 

Indeed let mk~ = min( ran(wi) )  w.r.t. (yj). Then  nmk, = min( ran(w/) )  w.r.t .  

(ej), and (nmk,)~l • Sa~(nmk,+l)~l • Sa((nj))~(mk~+l)~l • Sa. Since mk~+l <_ 
min(ran(z~i))  w.r.t.  (yj), and Sa is spreading, the  claim follows. 

We m a y  assume tha t  IlY-~,II = 1 for all i and tha t  no subsequence of (ym,) is 

equivalent  to the  uni t  vector  basis of Co (indeed, if this were false then  clearly 

90 = 3'0 = 1 and ~ = 3'~ = 0 for all a >_ 1). Thus  by taking long averages of 

(Ym,) we may  choose (zi) -< (ym,) with the p roper ty  t ha t  for all z • span(zi)  

I[z - ~ll < ~ll~ll. 

By  the  definit ion of ~ - 5~((zi), (e/)) there exists (wi)~l -< (z/) which is a -  

admissible  w.r.t.  (ej)  and satisfies 

1 1 

By the above claim (z9/)~1 is a -admiss ib le  w.r.t.  (yj). Fur the rmore  

£ ! g ~ £ 

II E <_ H E + E ll /-  /11 < + E I1 /11 + E  11 /11 
1 1 1 1 1 

£ 

< [(3~ +~)(1 + ~ ) +  ~]~]  Ile/ll. 
1 
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I t  follows that  7~ - ~ < 6~(yi) < ( ~  + ~)(1 + ¢) + e. Since ¢ is arbi trary we 

obtain 3`a -< ~ and so 3`~ = ~ .  
To prove that  A(X)  = A(X, (e,)), let's first show the inclusion C. Let (xi) 

A-stabilize ~, E A(X) .  We can find (Yi) -~ (xi) that  A(¢d-stabilizes ~ E A(¢ d- 

But then (Yi) A-stabilizes 3', therefore 3' = ~, thus 3' E A(~ d. The inclusion D is 

proved similarly. I I  

4. T h e  s p a c e  T(O,~, S n ) N  

If On 7 6 0 or if O n ~- 1 for some n then T(On, Sn)N is isomorphic to g l .  Thus we 

shall confine ourselves to the case where sup 0n < 1 and 0~ --+ 0. F~rthermore 

we assume that  0~ "N 0 and 0m+n >_ 0n0,~ for all n, m c N. Indeed it is easy to 

see that  T(O,~, S~)N is naturally isometric to T(0n, Sn ) s  where 

On = s u p  0k~: E k i  >_n . 
i=1 

Del~nition 4.1: A sequence (0n) of scalars is called r e g u l a r  if (On) C (0, 1), 0n "N 0 

and On+m >__ OnOm for all n, m E N. If the sequence (0n) is regular we define the 

space T(On, S~)N to be regular. 

Throughout  this section, the spaces T(On, S~)N will always be assumed to be 

regular. 

It  is easy to see (e.g. [OTW]) that  if a sequence (bn) C (0, 1] satisfies b,~+m >_ 
,. ~ l /n  bnb~ for all n, m E N then nm~ on exists and equals supn b~/n. Therefore, if the 

,. , . , l /n 01 /~  sequence (On) is regular then the limit 0 =- nmn-,~o ~ = SUPn ~ exists. Note 

also tha t  if (X, IIJ I) is a Banach space with a basis, then 6n+m(X) >_ 6~(X)~m(X) 
for all n, rn E N, thus limn 5n(X) 1In = sup n 6,~(X) 1In exists. Furthermore, if X 

does not contain £1 isomorphically, then 1 > 5n(X) "N O. 
For n E N,  define ¢~ = On/O n. We easily see 

• I f O = l t h e n C n = O n ' N O .  

• ~)n+m ~--- ~)nCm for all n, m E N.  

• ¢ ~ / n  - ~  1. 

• On < 1,Vn E N. 

From now on, for a regular sequence (On) we will be referring to the limit 0 = 
• 1 /n  hmG~ and the representation 0n = 0nCn as above. 

The main result in this section is the following 
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THEOREM 4.2: Let  X = T(O~, S~)N be reguIar and let 0 = lim~ 0~/~. Then 

(1) For  all Y -~ X ,  51(Y) = O. Moreover for all c > 0 there exists an equivalent 

n o r m  I" I on X so that  ~l((X, I '  I), (ei)) > ~ - -  E. 
(2) For all Y -< X and for all n E N ,  ~n(Y) = O n and 5~(Y)  = O. 

(3) F o r a l l Y - ~ X , I ~ ( Y ) = ~  w i f 8 = l ,  
[ 1 i f O <  1. 

(4) I f  O~/O n -+ 0 then X is arbitrarily distortable. 

To prove the above theorem we need the following two results 

PROPOSITION 4.3: Let X = T(On, S , )N  be regular. Then for every e > 0 there 

is an equivalent 1-unconditional norm I " ] on X such that  61((X, I " ]), (ei)) _> 

0 - ~ .  

THEOREM 4.4: Let  X = T ( On, S,~)N be regular. Then for all Y -< X and j 6 N 

we have 
I I  

6j (Y)  ~_ 0 j -1  supCp V vzj. 
p>_j C'l 

P r o o f  of  Theorem 4.2: (1) To prove Y -~ X implies ~I(Y) <_ 0 we note tha t  if 

I][" [1[ is an equivalent norm on Y then there exists C > 1 such tha t  C-16,~(Y) <_ 

5n(Y, II]" III) <- Chn (Y )  for all n • N. Let  (5~ _= ~n(Y, II1' III)- Then  since for all n and 
1. c l / n  m, ~,+m >_ 5~5m, we have lim~5~/n = supn51/n~ exists. Hence 81 _< nmo~ = 

l imh,~(Y)Un,  the  lat ter  limit existing for the same reason. Now 

l imhn(Y)  1/n ~ lira (on-lsupff)pVO-~--~l/nT-o 
n--.~.cx~ \ p E  n 

by Theorem 4.4. Thus  51(Y) _< 0 as required. The  "moreover" par t  is 

Proposi t ion 4.3 and this completes the proof of 51 (Y) = 8. 

(2) Since 51(Y) = 0 we obtain 5~(Y) = 0n from Theorem 2.5. By Theorem 4.4 

we have tha t  for all 3' • A(Y)  and for all j • N,  

0j 
~/j <_ O j - i  sup Cp V ~ .  

p:> j 

Therefore,  again by Theorem 2.5, for all 3' • A(Y),  7~ = lim,~eN 7n = 0. Hence, 

for every equivalent norm I " I on Y, for every 7 • A(Y,I " I), 7~ = 0. Since 

5~(Y) = sup{7~: 3' • £ ( Y ) }  we have ~ ( Y )  = 0. 

(3) Follows immediately from (2). 

(4) Let  A > 1, and choose n C N so that  SUpp>__,~ Cp < 01/2A. By (1) we can 

define an equivalent norm ]]1" ]]] on X such tha t  

6,~((x, III-III), (~) )  > ~ ( ( x ,  Ill. III), (e~)) ~ > e~/2- 
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Let Y -< X; then by equation (2) of section 2, there exists C > 0 such that  

C M  ~ Ilyll ~ D(Y,  lU" I[I)CU[Ylll, for all y ¢ Y. 

Therefore by Observation 2•2, 

~n(Y, Ill ILt) 
D(Y,  Ill' I]1) > 

5,~(Y, It" [I)" 

Since ~.(Y, Ill" Ill) -> 5.((2,  II1 III), (eO) _ o"/2, and 

5n(Y, II II) -< o" - l su p Cp v  o~ < ! o  n • - -  sup Cp 
p>n 01 -- O1 p>_n 

(by Theorem 4.4), we obtain 

01 
D(Y,  Ill" I[I) k 2supp> n Cp 

> ~ .  | 

The proof of Proposition 4.3 comes from an argument in [OTW]. We recall 

this argument here. 

Sketch of  the proof  of  Proposition 4.3: Fix n E N such that 01/n > 0 - e and 
tgl /n  se ta - -v ,~  . F o r j E N a n d x E X d e f i n e  

]x IS: sup{ ai E HEix[]: (Eix)[  is j-admissible w.r.t. (e/)} 
1 

1 n- -1  

I X l = n E ] X l J  (where I'10 =11"]1). 
j = 0  

and 

We claim that  ~I((X,  I " I), (ei)) >_ a. To see this let e k <_ x l  < x2 < . "  < x k in 
k • . a E , = l  L x~ Is-1 (by the X a n d x = ~ = l x i .  For j - - I , •  , n - l w e h a v e l x l s >  k 

k 
definitions of I-is and I" IS-l) and also I x Io>_ a ~ = l  I xi In-1 (since a n -- 0,~). 

k 
Therefore we get i x I>_ a ~ = l  I x~ I. | 

To prove Theorem 4.4 we need some norm estimates in T(On, Sn)s  for certain 

iterated rapidly increasing averages• Before defining what we mean by this we 

fix some terminology. 
Let E and F be intervals in N. We say that E does  no t  spli t  F if either 

E A F  ---- ~ or F C E. For x E Coo E does not split x if E does not split 

ran(x)• Let (xi) be a block basis of (ei) in Coo, and let E1 < E2 < " "  < EN 
be intervals in N. We say that  we min ima l ly  sh r ink  the  in tervals  (E~)N=I 
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t o  o b t a i n  i n t e r v a l s  (Ft)~__l w h i c h  d o n ' t  sp l i t  t h e  xi ' s ,  if for g = 1 , . . . , N  

we let G~ = E~\  U {ran(xi):  E~ splits x/} and let F1 < F2 < " -  < Fn be the 

enumerat ion  of the non-empty  Gl 's .  

By a t r e e  we shall mean a non-empty  partially ordered set (7", <<) for which 

the set {y E 7": y <~ x} is linearly ordered and finite for each x E 7". If 7"t C_ 7" 

then  we say tha t  (7"1, ~<) is a s u b t r e e  of (7", ~ ) .  The  tree 7" is called f in i te  if 

the set 7" is finite. The  in i t i a l  nodes of 7" are the minimal elements of 7" and the 

t e r m i n a l  nodes are the maximal  elements. A b r a n c h  in 7" is a maximal  linearly 

ordered set in 7". The  i m m e d i a t e  s u c c e s s o r s  of x E 7" are all the nodes y E 7" 

such tha t  x ~ y but  there is no z E 7" with x ~< z ~ y. If X is a linear space, 

then a t r e e  in  X is a tree whose nodes are vectors in X.  If  X is a Banach space 

with a basis (ei) and (x/) -~ (e/) then an a d m i s s i b l e  a v e r a g i n g  t r e e  o f  (x/) is 

a finite tree 7" in X with the following properties: 

[xJ~M, NJ N M _ N 1 N o. 
• 7 "  = \ i l j = O , i = l  where M E N and 1 = < - . .  < < 

• x j < . . .  < xJNj w.r.t. (e~) (j = 0 , 1 , . . . , M -  1) and ~it~"0aN°j/=l is a 

subsequence of  (x~). 

Also for j = 1 , . . . ,  M and i -- 1 , . . . ,  NJ we have the following: 

• There  exists a non-empty  interval I j C_ { 1 , . . . , N  j - a }  such tha t  
J {x~- l :  s E I j}  are the immediate  successors of xi. 

j 1 
• x / -  I -1" 

• (min( ran(x{-1) ) ) se i  ~ E $1 where ran(x~ -1)  is taken w.r.t. (x~). 

J be a 1-admissible Note  tha t  the last three properties together  require tha t  x i 
[_j  ~ M,N j 

average of all of its immediate  successors w.r.t. (xs). Let 7" = ~:~/)j=o#=l be an 

admissible averaging tree as in the above definition, and let b = {YM << "'" << YO} 

be a branch in 7". For i = 0, 1 , . . . ,  M we say tha t  the level  of y/ is i. Note tha t  

this is well defined, since the definition of admissible averaging trees forces every 

branch to have the same number  of elements. Indeed for each i and j ,  the level 

J in 7- i s j .  Let  7- b e a t r e e ,  x E T o f l e v e t g  and k E N.  By T ( x , k )  of x/ 

(resp. 7-*(x,k))  we shall denote the subtree of 7" = {x} U {y E 7": y >> x} 

(resp. 7"  --= {y E 7": y >> x}) which contains all the nodes of 7" tha t  have level 

g, g - 1 , . . . ,  ,or g - k + 1 in 7". Let 7" be an admissible averaging tree in a Banach 

space X with a basis (ei). Let  x E 7" have immediate  successors xl  < --- < xn (a 

finite block basis of (e/)), let k E N,  and let F c_ N be an interval which does not  
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split any of x l , . . . ,  xn. Then  by TF(x, k) we shall denote the subtree of T(x ,  k) 

given by TF(X, k) = {x} U {y C T*(x, k): ran(y) (w.r.t. (ei)) C F}.  

Definition 4.5: Let (x~) be a block sequence of (e~) in coo, M, N C N,  and let 

(eJ)j#eN U {0} C (0, 1). We say tha t  x is an (M, (e{), 0, N)  average of (xi) w.r.t. 
(xJ~M,N j (ei) if there  exists an admissible averaging tree T = ~ iJj=o,i=l of (xi) whose 

initial node is x (=  x M) and 

for j = 1 , . . . , M  and 1 < i < NJ if N~ = max(ran(x{))  w.r.t. (es) 

(N~ = N) ,  then x! is an average of its immediate  successors of length 
J J k~ > 6N~_1/0 Q. 

7" then will be called an (M, (e~), 0, N)  admissible averaging tree of (xi) w.r.t. 

(ei). For i = 1 , . . . ,  N o set N ° = max(ran(x/°)) w.r.t. (es), and N ° = N.  Then  
( NJ'~M,N ~ i Jj=o,i=o are called the maximum coordinates of T w.r.t. (ei). 

Remark 4.6: Let X be a Banach space with basis (ei) and let (xi) be a block 

c j (0, 1). Let  sequence of (ei) with ]]xi]] < 1 for all i E N. Let ( i ) j , i e  N [.J {0} C 

M , N  E N and let x be an (M, e j ( i ) ,0 ,  N)  average of (xi) w.r.t. (ei) given by 
j~M,N j 7- = (xi)j=O,i=l" Then  we can write x = ~ i e F  aizi for some finite set F C N 

such tha t  

(1) ~ i e F  ai = 1 & ai > 0 for all i E F.  

(2) x is M-admissible  w.r.t. (x d (i.e. F E SM). 
(NJ~M, Nj (3) Let ~ i ~j=o#=o be the maximum coordinates of T w.r.t. (es). For j = 

J J 1 , . . . , M  and 1 < i < NJ,  let E~(1) < EJ(2) < . . .  < Ei(N~_I) be a finite 
N¢ 

sequence of intervals in N with l E (e) C ran(  ) and assume that 
• N j 

we minimally shrink the E~(g)'s to obtain intervals (F/~(g))e~ ~ (some of 
~ j - l , ~  which may be empty)  which don ' t  split the "~i ~. Then  

M N j N~-x 

Z II(.¢(e)\r';(e))4, < F 4. 
j = l  i=1 t~=l j,i 

Indeed (1) and (2) are obvious. To see (3) note tha t  for every j = 1 , . . . ,  M,  

1 < i < NJ and g = 1, g ~ the set E~(g) splits at  most  two xJ-~ ' s  
- -  - -  "'", i - - l ~  

each of them having norm at most  1. Thus  <_ 2/k{ and 

N=~ J J J which proves (3). so E e 2 1  ~ [l(EJ(e)\F~(e))x~]l < 2N~_l/k i < Q, 
The  concept  of (M, (e~), N)  averages is implicit in [AD] (see also [OTW]). 

PROPOSITION 4.7: Let  (xi) be a block sequence in coo, M , N  E N and 

(4) j , i eN ID {0} C (0, 1). Then there exists x which is an (M, e j ( i ) , O , N )  aver- 

age of (xi) w.r.t. (ei). 
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Proof: Note tha t  by replacing each (~ ) i  by a smaller sequence if necessary we 
gJ m a y  assume tha t  ( i)i  is decreasing. For M -- 1 we choose x~ to be an average 

of k~ > 6N/(0c~) m a n y  xs 's  chosen from {xs: s > k~}. Next,  consider the  case 

M = 2. At first we continue the a rgument  tha t  we gave for M = 1 to const ruct  

• ] < 2~ < - . .  as follows: For £~ > 6 N / ( 0 ~ )  let ~ be an average of ~1 many 
-1 has been constructed for some i E N,  and xs ' s  chosen f rom {xs: s > k~}. If x i 

k~1+1 > 6N~/(0c~+1) , t h e n  :~+1 is taken to be an average of k}+ 1 m a n y  xs ' s  chosen 

from {x~: s _> kil+l} where fi/~ = max( ran ( .~ ) )  w.r.t. (e~). Note tha t  x i-1 < xi+l-1 

since 1 -1 is a 1-admissible w.r.t. (x~). ci+ 1 < 1. Also note tha t  for every i E N,  x i 

Then  for kl ~ > 6 N / ' ( 0 ~ )  take x~ to be an average of k~ many  -1, x s s chosen from 

{ ~ :  xs-1 > zk~}" Then  the (2, (~ ) ,  8, N)  admissible averaging tree 7- of (xi) tha t  

1 -1  for some corresponds to x 2 is determined as follows: x~ e T .  If x 2 = i-~ }-~-i~F xi 
~1 -1 1 finite set F c N t h e n x  i E 7 - f o r i E F .  For e a c h i f f  F i f x  i = i - ~ e F * x ~  

for some finite set F~ C N then x~ C T f o r  s E Fi. Enumera t e  the x ~ ' s i n  T 

as x ° < x ° < - < X0NO and the -1, • . x s s  in 7- as x~ < x 1 < . . .  < x~v~. Since 

is x~ is a 1-admissible average of (x~) w.r.t. (xi) and for each i = l , . . . ,  N 1, x i 

1-admissible w.r.t.  (xs), we have tha t  x 2 is 2-admissible w.r.t. (xi). We let the 

k~'s and N~ ' s  be defined by Definition 4.5. Each k~ will be  k~, for some i ~ > i and 

N~ = N while N~ = N~. Since (a~) is decreasing the condition k~ > 6N~_ , / (0~ )  
remains  valid. The  case M > 2 is proved by i terat ing this procedure.  | 

Next  we prove some norm es t imates  for (M, (¢~)01, N)  averages in T(On, Sn)N. 
We will always denote  the norm of T(On, Sn)N by I1" II- We need for p E N U {0} 

and N • N to define the equivalent norms ]1" lip and I1' IIsN,p and the continuous 

seminorms  I1" HN,p as follows (I]" [10 = I]" II and 80 = 1): 

]lxllp = Op sup{ E ]lEixl]: (Ei) is a p-admissible sequence of intervals }, 

N 

I]X][N,p = sup{ E ]IE~X[IB: N < E~ < E2 < " "  < EN are intervals } and 
1 

IlXtlSN,p = s u P { E  ItE~xllp: (El) is N-admiss ib le  sequence of intervals}. 

Of  course for x • coo each "sup" above is a "max" and there exists p • N so t ha t  

I]xll = IlXllp if I]x]l ¢ ]lxl]~. 

R e m a r k  4.8: Let 0o = 1. For all x • coo and for all p • N we have 

0p 
Ilxllp <_ IIxllsl,p-1. 

Moreover,  if p = 1 we have equality. 
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Indeed there exists (Ei)ie I a p-admissible family of intervals such that 

Ilxllp = o~ ~ IIE~xlI. 
iEI 

We can write I = ~e Ij where (Ei) ieb  is p -  I-admissible and if Fj is the smallest 

interval including [-Jieb Ei then (Fj)el is 1-admissible. Thus 

Ov e Op t 
I]X]]P = Z Op--I Z ]]J~iX'[ < Z , ,Fjx, ,p-l  < ,]xl]s~,p-1. | 

Or-1 j 1"= iCIj -- Op--1 j 1"= -- gp--1 

Notation: If A C [0, ec) is a finite non-empty set, we set A* = A\{max(A)}. 

Observation 4.9: Let N E N and D,¢ > 0. Note that if k >> N D / c  and 

A t C [0, D] for g = 1 , . . . , N  are finite sets with I A~ I + ' " +  I AN I<_ k then 
1 N N , 

E e = l  E {  a: a e Ae} < max(Ut= x d e) + ¢. 
We will apply this for D = 1/01 in the proof of (2) of Lemma 4.i0 below. 

LEMMA 4.10: L e t x i , . . . , x k  be non-zero vectors with k < x l  < x2 < " .  < x k 
1 . . . + x k )  and E (0,1). L e t F C r a n ( x )  and Ilxi[I < 1 for all i, let x = ~(x l  + ~ _ 

be an interval in N which does not split the xi 's. Set 00 = 1, Ni = max(ran(xi)) 

w.r.t. (ej), N O = 1 and let N e N .  If  k > 6N/01~ then 

(1) For every p e N ,  

0p 
llFxl[N~p < Op_l max{llxdlm_~,p-l: ran(xi) C F} + ¢. 

(2) There exists n E N, intervals F1 < F2 < .-" < F~ which don't split any xi, 

0~=1 F, c_ ran(z), and (P,)L1C N so that 

~=1 { op~_lllZdl N~-I,p~ -1: 

Proof: (1) For p e N there exist intervals N < E1 < ' "  < EN such that 
N 

0 e = l  E e C F a n d  

N N 

IIFXIIN'P = E IIEex}lv < Op E ]}Eg xllSt,p-1 (by Remark 4.8). 
g=l  -- ~ g=l  

We minimally shrink the intervals (E~) u to get n < N and intervals N <_ Fa < 

F2 < - '- < F~ which don't  split the xi's. Since each E e splits at most two xi's, 

1 Op <1,  If Ilsa,~-x _< ~11 11 and Op-1 
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0p g 0 F ~ 2 N  
Op_l E IIG xlISI'p-1 < E IIG xI[SI'p-I -J< IgOr[" 

e = l  -- Op-1 g = l  

Fix an g • { 1 , . . . , n } .  There  exists a 1-admissible family of intervals (Fe,~)m 
with Fe,m C_ F e for all m and IIf ~xllSl,F_l = ~ HF~,mXlIF-1. 

Let  s be  minimal  with ran(x~)r3Fe,1 # 0 (we may  assume tha t  such an  s exists) 

and t be  max ima l  with ran(xt )  N F e ¢ O. Then  

E [IFe,mXllP-1 <- ~ ( E  IIFe,rnXsIl-t- [[Xs+lllN~,p-1 +""-t-  I[xtllN~,p_l 
m m 

t 1(1 
<--i Ol + ~ IlxillN,_l,F-x). 

i = s + l  

Set Iv, R l - {i: ran(x/)  C_ F} .  Hence 

OF [[Fexlls,,p-1 <_ Op-1 ~=1 

O e(n ) 
Op-- 1 k O1 na I[Xr+IHNr'p-1 ~- [[XrA-211N~+I'P-1 -}-''" ~- I]XRIINR--I'P--1 

Therefore  we have proved tha t  

IIFZIIN'F <k Op (llX~+lilg~,p-1 + IIx,-+21IN,-+,,F-1 + " "  + IlxrdlN.-x,F--O 
OF-1 
3N + - -  
kOl ' 

thus 

3 N  
a op ~--~{llx/llN,_,,p-l: ran(x/)  C F}  + ]g01 , (3) IIFxlIN'F ~ k Op_~ 

which yields (1) of  L e m m a  4.10. 

(2) Choose intervals N < E1 < E2 < " ' "  < EN such tha t  IIxllN,0 = 

Y~N_ 1 IIEexll. As before, we minimal ly  shrink the intervals (Ei) to obta in  n < N 

and non -empty  intervals F1 < F2 < . . .  < Fn which don ' t  split  the  x / ' s  and 
satisfy 

Y n 2 N  
IIEexll <__ ~ IIFexl[ + T 

/=1  g= l  

Fix e • {1,. . . ,n}.  If IIf~xll # IIF~xll~ then  there  exists Pe • N such tha t  

IIFexll = IIF~xIIF~. By equat ion (3) for N = 1 we get 

0F e 1 fx--" 3 
(4) IlFexllpe -< k Op_~ 
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If IiF~xl] = IIFexll~ then I]F~xl[ _< 1/k and so (4) still is valid. Thus 

1 OPt E{[[XillNi_i,pe--l: ran(x/) C Fe} + k01 
[IXlIN'° ~-- ~ ~=1 0Pe-1 

< max {V--:II~/IIN~_~,~-I= ran(xi) C Fe}* + e 
\ e =  1 v p g  _ l 

by Observation 4.9, since II']lN~-l,p~-I -< 1/0111" ]], and k > 6N/~01 = N/ (c /6 )01 .  

I 

LEMMA 4.11: Let  (xi) be a normalized block sequence in X = T(O/ ,S i )N,  

M, N ~ N and %)j,i~NJ c (0, 1). Let x be an (M, (~), 01, N) average of (xd 
[ x J ~ M ,  N j  w.r.t. (ei), let T = ~ i ) j=6 , i= l  be the corresponding admissible averaging tree of 

( hTJ ~M,N j (X/) with x = x M, and let ~"i Jj=o,i=o be the m a x i m u m  coordinates o f T  w.r.t. 

(ei). Then for j = 1 , . . .  , M  and i = 1, . . .  , N  j we have the following properties: 

(1) For every p E N and every F C_ ran(x~) which does not  split any x j -1  we 

have 

IIFxJlIN~_~, p < Op • j j - 0;-1 max{]lx~-ll lN~-; 'P-l:  ran(xJ-1)C_ F} A-ci/N~_ 1. 

(2) There exists n E N and intervals [;1 < F2 < ".. < F .  which don't  split any 
xsJ-1, (U~=ln Fe c_ ran(x~)) and (p~)~=,n C_ N such that 

(3) I f  O <_ p' < p, p - p~ <_ j <_ M ,  1 < i < NJ and F C_ ran(x~) is an interval 

which does not  split any x~ -1 then 

IIFx~IIN: ~,~ < OP max.r~,, x j-(p-p')~ ,,Nj_(,_ ,,) _,." ran(x j-(p-v')  ) C_ F}  
-- - -  Op I s - 1  ~P 

s .  k T F ( X { , p - - p ' )  .X  s E 

(4) I f  1 < p <_ j <_ M,  1 < i < N j and F C N is an interval which does not  

split any x j -1  then 

IIFx~llNd_.p <-6 max{IIx{ -p N~:f,O: ran(xj-v) C F}  

+Z ~:x~_ eTF(4,p) I 
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(5) There exists m e N and intervals F1 < F2 < ' "  < F m  0,J~ F~ C ran(xM)) 
which don't split the x°s's and (P~)~=I C N with p~ >_ M for all f, such that 

0v *) 
_ " g  0 o " _ [IXl M tl < max ~-~10 {Ov _M IlXs]INs-l'Pg -M" ran(xs°) C F t } + ¢. 

(6) For J = 1 , . . . ,  M, 1 < i < N J, 

II~[IIN/_.O -- O J-1 q- & 

(7) I l l  ~ p ~ M then IlXttN,p ~ ~)pO M-1 -~- C. 

Proof." (1), (2) Combine Lemma 4.10 with Definition 4.5. 

(3) By (1) of Lemma 4.11 we have 

J 
ci II[i'x~ltg~-l,P --Op-1 < Op m3X{I]xI_l l}N~,p_I:  ran(xJ_l) C_ F }  + N~_-~ 

< Op Op_ 1 
--Op-10p-2 max{rlxJ-21tN~:~'P-e: ran(xg-2) - F} 

+ s . k • Xs e T~(X~,2)  

< O~ Op_~ G'+~ 
- -  0p_ 1 0p_ 2 "'" 0p, 

max[ llxJ-(v-P')tt . . . .  • ran(x j-(p-p')) C F} X I_11 s HN~2~P-P~p," 

+ G * ¢)}. I-N~_ 1 

(4) Follows immediately from (3), letting p' = 0. 

(5) We prove by induction on J that 

(5') for J = 1, . . .  ,M  and 1 < i < N J there exists m C N, intervals 

F1 < F2 < ""  < F m  (U t Ft c_ ran(x~)) that don't split the x°'s, 
p m and ( ~)~=1 C N with pe > J for all 6, such that 

[.~. 0. 
]lx[lIN~ t' o <_max ~ U  ~ ~ ~--ZK--~ IIxOIINo 1,pt_d: ran(x °) 

- ~ = 1  ~ U p ~  _ j  - 
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((5) then follows by taking (J , i )  = (M, 1) and noting that  IIxMII <_ IIxMIIN,o = 
IIXlINoM,O .) Indeed, for J = 1 this follows from the s tatement  of (2) for j = 1. 

Assume tha t  the s ta tement  is proved for all positive integers < J where J < 

i - 1. By (2) there exist intervals F~ < . . .  < F"  (Ut Fg c_ ran(x~+l))  which 

don ' t  split the xg's, and (P~)e=l such tha t  

OP'e x J • ran(x J) C , * )  ~J+l .  '[X~+IlIN~,+_ll O ~ max 0 { - Z ~ l l  s ,lN]_,,p' --1" -- F; } ~- 
- ~=1  t'P~ - 1  e 

Ifp'~ - 1 = 0 for some g and ran(x J) C F~ then by the induction hypothesis there 

exists M(s) 6 N, intervals Fl(s) < F2(s) < . . -  < FM(s)(s) ([..J~ F~(s) C ran(x J)) 

which don ' t  split the 0, M(s) x t s and (p~(s))~= 1 C N wi thp~(s )  > J for a l l #  such 

tha t  

(i) f 8p.(~) ,, o,, 
IIxJlIg; ~ ~,0 <_max ~ ~ l l X t l L N O  ,p~,(~)_j: ran(xt °) 

- p~(s)-J 

+ ~{E~: x~ e T(xJ, J)}. 

! ! If 0 < p~ - 1 _< J for some g, and ran(x~) C F~ then, by (4), 

( J--pl."4-1 J--pl+l ran(xJ)l~; 
- N t _  1 ~ ,0 - -  

J ! + Z b ~ :  xf e r(xs,pe - 1)} 

For the remaining ~'s we have by (3), for j = J ,  p =- P'e - 1 and P' -- Pe' - 1 - J ,  

ep;_~ ran(x °) < ran(x~)} Ilx~llNL.p~-~ -<%,V~_j ma~{llx°llN°_~,p;-~-J: 
+ ~{~tk: xt k e T(x~, J)}. 
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Combining these estimates we get 

]IX/J+l I[ N~_+, 1,0 

M(~) 
< max U U U { (~lOp~(s)IIx°ll NO ,,p.I.)-s 
- O p , , ( s ) - a  - 

{ g :  p}=l} {s: ran(mJ)CF~} /z=l 

k r(x~ a, J)}: ran(xt °) C F~(s)}* + Z { ~ :  x~ 

J-p'g+l 
v U {o,,, e I1:,:, II .,-,,,e+, 

{e: 0<p~--l~J} N t _  1 ,0 

k T . ( d + ,  , J-P'e +'  + E{esk:  x s E ,pg)}: ran(x t ) C_ /7~}* 

or, e 
U U { Op~---~j_t_ 1 ) []XOIIN°-I'P'z -(J+l) 

{g: p~>J+l} 

k T*tx,+,  ran(x °) F ~ } * ) - g + '  + ~ { ~ :  x. e _ ,  , ,J + 1)}: c _ + e i  . 

The induction hypothesis gives that for 0 < P'e - 1  < J and 1 < t < NJ-P ' t  +1 with 

ran(x J-pi+i) C F~, there exist K ( g , t )  6 N and sets G l ( g , t )  < Gu(g,t) < . . -  < 
J - p '  +1 

GK(E,O (g, t) which don't split the xs °'s such that Uk G k (£, t) C_ ran(x t g ), and 
. .~ t . .K(e, t)  there exist [qktt, ))k=l C N with qk(g, t )  >__ J - P e  + 1 such that 

J -  p'g + l 
IIx~ I] , %  +, <-- 

Nt_ 1 ,0 

( o"l o . max 
\ k=l Oqk(e't)-(J-P'g+l) liX~IIN2-"%(e't)-(S-P'e+I)" 

k + ~ { &  . .  ~ s(e,t)} 

a-p'g + l 
where S(g,  t) = T ( x  t , J - Pe + 1). Thus, these estimates give 

I1:':~ +' II ~/_+, ,o 

M ( s )  

U U U ~ OlOp"(s) 0 o m a x  llx~ltN, ,,,,,,(~)-j 
{e: p~=l} (s: ran(xsg)C_F~} /z=l I. O ( l + p . ( s ) ) _ ( j + l )  

7-(x~, J)}: ran(x °) C_ FAx)}* + ~ { ~ :  x~ 
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K(e,t) 
U U U { OP~Oqk("t) IIzOIIN g x,qk(',t)-(J-P~A-1) 

{t: 0<p~-l<J} k=l O(P~+qk(e't))-(J+l) 

k 7-* +~{c~:x.  e (x[+',p'e)us(e,t)}: ran(x°)C_Gk(e,t)} * 

U U {OJ-{-lllxOi[N°t-l,O 
{e: p~=J+l} 

k T . ( xJ+l  j + E { c k : x  s e , i , +1)}:  ran(xt ° ) C F ' l *  

0 5 
u U {Op,e_(j+l)llz°llN°_~,p'e-(J+l) 

{t: p~ >J+l} 

k T*(XJ+I, J + 1)}: ran(x °) C F ' } * )  + ¢J+l. 

Note that  010v,(s ) _< 01+v,(s), 1 + pg(s) > J + 1, Ov, O%(e.t) < Ov,+qk(e.t), 
p'~ +qk(~,t)  > p'e + (J  -p ' t  + 1) = J +  1 and the sets F~(s)'s, F~'s, and G1¢ (g, t)'s 
don ' t  split the x°'s, and arranged in successive order, give the required sequence 
F1 < . ' - <  Fro. Then l + p , ( s ) ' s ,  p '  +qk(~,t) 's, and p'e's for p't >_ J +  1, arranged 

p m in the corresponding order, give the required sequence ( t)e=l" This finishes the 
induction. 

(6) Since x/J is a ( J -  1 (¢jA-1, ,~ ~ ),O1,N) average of (x~) w.r.t. (ei), by applying 
(5') we obtain that  there exist intervals F1 < F2 < --- < F m  (Ue F, C ran(x J)) 
which don' t  split the 1, ,~ x s s and (Pe)e=l C N with 

,,XJ,IN~_x,O < ma, x ( 0  { Ope 1 ) * )  ran(x~) C St 
e=l OPe-(J-1) 

k T ( x [ , J - 1 ) } .  

Now by applying Remark 4.6 (3) we obtain that  for e and s with ran(xs ~) C_C_ Fe 

HxllINL.p,_(j_~) < 1 + ~1. 

Thus 

[[XJiiIN~ 1' o < max 0 0pe : ran(x~) C Fe + 
- - e=~ 0p~_fj_l) - 

= 0 J - I  CP~ : ran(x~) C F~ + 
(~pe-(J-1) 

<0 z-~ + e. 
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(7) By (4) and (6) we obtain 

<0 0 M - p - 1  _ p  + ~  

~-¢pO M - 1  + e. m 

To prove Theorem 4.4 we need also the following: 

LEMMA 4.12: For all J , N  E N, ~ > 0 and Y -~ X = T(Oi,Si)N there exists 

y • Y with ILyLi = 1 and 

IlYiEN,p < forattp= 1,...,Y. 

Proof: The lemma follows immediately from Lemma 4.11 (7) and the following 

CLAIM: Let (xi) be a normalized block basis of (ei) in T(Oi, Si), J and N be 
natural numbers, 5 > 0 and (e~) C (0, 1). There exists a (J, (~), 01, N) average 
y of (xi) w.r.t, such that ][y][ >__ (1 - 5 ) 0  J. 

Suppose the claim were false. Construct a block sequence (yl) of (xi) where 

each yl is a (J, (¢j), 01, N) average of (xi) w.r.t. (ei). Note that []y/l][ <_ (1 -(~)0 J. 
Set z/1 = y~/l[yl]] for all i • N. Let (y2) be a block sequence of (J, (¢j), 01, N) 

averages of (z~) w.r.t. (ei). Note that ]]y/2[[ < (1_~)0 d. if y2 = ~ k e ~  2 akxk then 

by Remark 4.6 (1) we have that ~ k e f 2  ak > (1 -- 5)-10 -J. Set z ~ =  y2/[]y~[[ 
and continue in the same manner. After rn steps we get a vector ym which is a 
(J, (¢J),01, N) average of (z m-t )  w.r.t. (ei). Moreover, writing ym in the form 

y'~ = ~kCF,~ akxk we get ~keF  T M  ak > (1 - 5)-(m-1)0 -(m-1)J. The family 
(xk)keF-, is m J-admissible so we have a general estimate 

[[Y'~[I >- Omg E a k  >_ Omg(1 - ~ ) - - ( m - - 1 ) o - - ( r n - - 1 ) J .  

kE F'* 

Combining this with an upper estimate for the norm of ym we get 

Om;(1 - 5)-(m-1)o-(m-1)J _< (1 - 5)0 J. 

Thus (~rnJ ~ ( 1 -  5) m. But if m is sufficiently large, this contradicts the definition 

of 0 and this completes the proof of the claim. | 

Note that  the above proof yields that the vector y which satisfies the statement 

of Lemma 4.12 is a multiple of some (J, (~/'), 01, N) average of some normalized 

block sequence of Y w.r.t. (ei). 
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Proof of Theorem 4.4: Let e > 0 be arbitrary. By Lemma 4.12 we can find a 

normalized block sequence (xi) in Y and an increasing sequence (ji) of integers, 

31 = 1, so tha t  if No = 1 and Ni = max(ran(xi))  w.r.t. (e~) then for every i E N 

we have 

Vp = 1 , . . . , ~ i ,  I l x d l N , _ l , v < ~ ( l + e )  and 

~/P ~ J i + l ,  I}Xi}lNi-l,p < ~" 

Let k (0,1) with k (Q)/ ,keN C ~ i , k Q  < s and let x be a (j, (cik),01, 1) average of 

Cx kg'Nk of (xi) and max imum (xi) w.r.t. (ei) with admissible averaging tree t i Jk=O,i=l 

coordinates ( N  k'~j'Nk . . . ,  N O if x ° define ji  j~. t ~ Jk=l,i=0 w.r.t. (el). For i = 1, = Xs, = 
Then  j l  < "'" < jNo and for i = 1 , . . . , N  o we have 

V p =  l , . . . , j i ,  [[xOllNg_~,p < ~(1- t -E)  and 

Vp > j i+l ,  IlxOIINO_l,p < E. 

Note (by Remark  4.6 (2)) tha t  x j is j-admissible w.r.t. (xi) and by L e m m a  4.11 

(5) there exist m E N,  intervals F1 < . . -  < Fm which don ' t  split the x°'Ss , and 
p m ( e)e=l C N with Pe > J for all g such that  

+ 

e=l  Pe - j  

For each ~ = 1 , . . . ,  m if Pe > J then there exists exactly one m e E N such tha t  

Jme ~ Pe - J < Jme+l" We shall use the obvious remark tha t  if A C [0, co) is 

a finite non-empty  set and a E A then max(A*) < max(A\{a} ) .  If  Pe = J then 

0~e/0pc _3 = 0i and we note tha t  

i o 1 
Ilx°llN% '° <-- K~ Ilx~ll = K~" 

Thus 

Ilxll _<max ~ {O,,e_----~llx~llNO_.pe_ 5. 
{e: v e >j} 

+ ~ .  

Let ran(x  °) C__ F e and Pe > J" If s < m e we have j~+l <_ J'~e <- Pe - J and so 
0 0 [IXs[IN_l,pe_ j < e. If S > m e we have j~ > jme+l > Pe - J and so 
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Note t ha t  
Ov~ Cve_j 

Op _jO -- oJ--I ~)P£ 

and therefore 
IIxtl < oJ-l supCp(t -t-e) v oj - p>_j -~1 + 2e. 

Note (by R e m a r k  4.6) t ha t  we can write x = ~ F  aixi for some set F C Sj where 

ai > 0 for all i e F and ~ iEFa i  = 1. Therefore  (~j(Y) < Ilxll and since a > 0 is 

a rb i t r a ry  we obta in  the  result. | 

Note  t ha t  T h e o r e m  4.4 does not  necessarily give the best  possible es t imate  for 

5j(Y). Indeed if 0 ,  = 2 - "  for all n then T = T(On, Sn)N is Tsirelson 's  space and,  

for all Y -~ T, ~j(Y) = 2 - j  [OTW]. Yet Theorem 4.4 only gives 5j(Y) <_ 2 - j + l .  

However, we have the  following es t imate  which does yield the p roper  e s t ima te  

for Tsire lson 's  space. 

THEOREM 4.13: Let X = T(O,, Sn) N be regular. Then for all Y -~ X and j E N 
we have 

~5(y ) < 0 J s u p  Cv 
- p > j  C p - j "  

Proo~ Let Y -~ X ,  j C N and ¢ > 0. Since Y contains l~ ' s  uniformly, for all 

N C N 3y C Y with  1 = [lYll -< ][YlIN,0 <-- 1 + E (see e.g. [OTW] proposi t ion  

2.7). Therefore  we may  choose inductively a normalized block sequence (xi) in 

Y so t ha t  for i e N,  if Ni = max( ran (x° ) )  w.r.t. (ei) (No = 1) then  IlXi[INi_l,0 

1 + e. Note then  tha t  for every i ,p e N, IIxilIN~_~,p <_ Ilx/iIN,_l,o _< 1 + e. 
Let  k (0, 1) with k (El)i,keN C Ei,k  ei < e and let x be  a (j, (e~), 01, 1) average of 

(x kg'Nk of (xi) and m a x i m u m  (xi) w.r.t .  (el) with admissible averaging tree t i Jk=0,i=l 

coordinates  (N) )~ 'g : i=0  w.r.t. (ei). Note then t ha t  for every i ,p E N we have 

t h a t  I[xOI[N~_,v < 1 + ~. By L e m m a  4.11 (5) there  exist m E N,  F1 < . . .  < F,~ 

intervals in N which don ' t  split the 0, p m _ _  x i s and integers ( e)e=l wi th  p~ > j for all 
~, such tha t  

{ OPo~ee3 ° • ,m ,  ran(xO) C } [[xll < m a x  [Ix i [[Ng_l,pe_ j .  e ~- 1 , . . .  __ F~ + e 

<_0 j sup ~¢-~-P ( l + e ) + e  
p_>j q)p-y 

and the  result  follows since e > 0 is arbi t rary.  | 

To es t ima te  (~j(Y) for Y = X is easy as we see from the following: 
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THEOREM 4.14: Let X = T(On, Sn)neN be regular. Then for all j E N we have 

~ ( X )  = O 5. 

Proof: Let j • N a n d e  > 0. Let (¢k)i,keN C (0,1) w i t h X : ¢  k < e and let 

x be  a (j, (ek), 01,1) average of (ei) w.r.t. (ei) with admissible averaging tree 
k.j,N k 

tx  k~j'gk and m a x i m u m  coordinates  (N~)k=o,i=o w.r.t. (ei). Then  by (2) there 
k i ]k=O,i=l 

p m exists m • N ,  F1 < "-" < Fm intervals in N and integers ( e)e=l with Pe > J for 

all ~, such tha t  

[[xl l_<max - - e  o. o , _ - . ' t = l , . . . , m ,  ran(x°)CF~_ +~. 

Since v~i("O~N°ji=l is a subsequence of (el), we have IIx°llNOp_j = Op_j for every 

i -- 1 , . . . , N  O and g = 1 , . . . , m .  Thus  Ilxll < maxx<J<m op~ + ~. Since the 

sequence (Oi) is decreasing we have Ilxl[ < o5 + ~. Since supp(x) • St and ~ > 0 

is a rb i t r a ry  we obta in  the result. II 

QUESTION: f f  X = T(On, Sn)N is a regular  mixed Tsirelson space and Y -< X ,  

is ~j(Y)  = Oj for every j • N ?  
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